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Mathematics. — “Null systems determined by linear systems of plane 
alyebraie curves”. By Prof. Jan DE Vrıxs. 


(Communicated in the meeting of January 25, 1919). 


1. A triply infinite system (complex) ‚$®% of plane algebraie curves c” 
contains a twofold infinity of nodal curves; for an arbitrarily chosen 
point D is node of a nodal curve d” belonging to S®). 

I shall now consider the null system in which the tangenıs d, d' 
of dr are associated as null rays with D as null point. 

The nodal curves of a net belonging to 5@) have their nodes on 
the Jacobian, which is a curve of order 3(n—1). It has in common 
with the Jacobian of a second net the 3(n—1)? nodes, which occur 
in the pencil common to the two nets. The remaining intersections 
of the two loei are critical points, i.e. nodes for the curves of a 
peneil. The null system, therefore, has 6(n—1)? singular null points. 


2. Let a be an arbitrary straight line, / an arbitrary point. The 
dr, which has its node D on a, intersects the ray PD, moreover, 
in (n—2) points &. If EZ is to get into P, dr must belong to the 
net that possesses a base-point in P; D lies then on the Jacobian 
of that net. The locus (#) of the points Z passes, therefore, 3 (n—1) 
times through P, and is consequently a curve of order (dn—5). 
Each intersection of (Z) with a is node of a d*, of which one of 
the tangents d passes through P. 

There is therefore a curve (D)p of order (4n—5) which contains 
the nodes of the nodal curves Ar, which send one of their tangents 
d through. a given point P. It will be called the null-curve of P. 
For a singular point S it has in 5 a triple point. As ? evidently 
is node of (D), there lie on a ray d passing through ? (4n—-7) points 
D, for which d is one of the tangents of the corresponding curve 
#. From which ensues: an arbitrary straight line d has (4n—7) 
null-points D. 


3. The null-eurves (D)p and (D)g have the 6(n—1)? singular 
points in common; for, a critieal point bears o! pairs d, d’. 

The two curves pass further through the (4n—7) null points 
of the straight line PQ. Each of the remaining interseetions is a 
point D, for which d passes through P, d’ through Q. In other 
words, if d revolves round P,d’ will envelop a curve of elass 
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(10n’— 32n—+-26). To the straight lines d’, which pass through P, 
belong the tangents of the dr, which has its node in P, Each of 
the remaining (10n’— 32-24) straight lines d’ evidently coineides 
with a ray d, and therefore contains a null-point D, for which the 
two null-rays have coincided. If such a straight line is called a 
double null-ray, it ensues from the above that the double null-rays 
envelop a curve of class 2(n—2) (dn—6) '). 


4. The null-rays d, which have a null-ray D on the straight line 
p, envelop a curve (p) of class (4n—5), which has p as (4n—7)- 
fold tangent. It, therefore, interseets p in (4n—5) (4n— 6) — (4n—7) 
(4n—6) points, which bear each two coinciding null-rays. 

The locus of the points C, which bear a double null-ray, is, 
therefore, of order 42n—3). 

The eurve (C) is evidently the locus of the cusps of the complex. 
As the order of (C) may also be determined in another way, it 


appears at the same time that the eurve (p) has no other multiple. 


tangents. 


5. The case n=2 deserves a separate treatment. In the first 
place each line d has now only one null-point; this is the node of 
the conie, which is indicated by three points of d. 

The locus (C) is now of the fourth order, and consists of four 
straight lines cz. For, if the two straight lines ofa nodal c? coincide, 
ck is a double line. The complex contains, therefore, four double 
lines, and they are at the same time singular null-rays. 

The vertices Sx; of the complete quadrilateral formed by them are 
the singular points of the null-system. 

The curves (p), and (g),, ef. $ #4, have, besides the null-rays of 
the point pg, seven tangents in common, which have each a null- 
point on p and a null-point on g, and are consequently singular 
null-rays. To them belong the four straight lines c.. Each of the 
remaining three singular null-rays s must belong to ©' nodal 
conies. S,, bears as singular point, co ' pairs of lines, which form 
an involution of rays; so S,, S,, belongs to two, and then to @!, 
pairs of lines and consequently must be singular. The diagonals of 
the quadrilateral, which is formed by the four straight lines c, are 
consequently the three singular null-rays required. 


ı) In other words, the cuspidal tangents of tlıe cuspidal curves ofa complex 
envelop a curve of class 2(n—2)(ön—6). In my paper on the characteristic 
numbers of a complex (These Proceedings, Vol. XVIl, page 1055, $ 13) the 
influence of the critical points in the determination of the class has been overlooked. 


abe 
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6. If the complex {c’} has a base-point B, it is at the same time 
singular null-point, for two points on a ray passing through 2, 
determine a nodal d°, with node in B. The double rays of the 
involution formed by the curves 4” with node B are double lines 
of fe?}, consequently singular null-rays. Other double null-rays do not 
exist, for if a straight line d of 0” does not pass through D, d’ does. 
As B is node of the Jacobian of each net belonging to fc”), this 
point replaces four critical points. Two more singular points, tbere- 
fore, lie outside B; they are connected by a singular null-ray. 


7. In a fourfold linear system S®, each point D is node to a 
pencil (4”). Two of those curves have a cusp n ÜC=D. 

I now consider the null-system in which to the null-point CU are 
associated the euspidal tangents c,c’ of the two cuspidal curves y, 
which have their eusps in C. 

The straight line d is touched in each of its points D by anodal 
or, which has its node in D. With the straight line PD dr has 
moreover (n—2) points X in common. In order to find the locus of 
the points Z, I shall inquire how often # gets into P. In this case 
d” belongs to the complex that has a base point in P; in it oceur 
(4n— 7) d”, which touch at d ($ 2). Consequently (Z) is a curve of 
order (dn—9). 

lf E lies on d, PE=d'’ touches in that point at a dr, which 
has its node on D. Every straight line d therefore is nodal tangent 
of (ön—9) curves d*, of which the second tangent d’ passes through 
P. If dis now made to ‘revolve round a point Q, the point D 
describes a curve (D) of which every point is node of a Ör, which 
sends its tangents d and d’ through Q and P. In Q a dr is touched 
by QP, so Q and consequently P is a point of (D), so that this 
curve is of order (dn—8). 

If C is one of the (ön—10) points, which (D’) has in common 
with the straight line PQ, besides P and Q, the tangents d, d’ fall 
both along PQ, so that C is a cusp of a cuspidal eurve y”, which 
has c=PQ as euspidal tangent. 

In the above null-system a straight line therefore has 5(n —2)null- 
points. 

If c revolves round a point M, the null-points C deseribe a curve 
of order (5n—8), with node M (the null eurve of M). 


.8. The system S(@® contains a number of eurves with a triple 
point. If 5) is represented by the equation 


eA+fB--yC+dDL:eE=0, 
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the co-ordinates of a triple point have to satisfy the six equations: 
ade + PBr+ YCrı + Da + eEn = 0, 


in which Azı etc. represent derivatives according to x; and au. 
The number of points has to be found, for which 


Ai: PR vr ER Be 
BB. DD. BABB,, 
EM ER IR 
IND DEDN DA 
DT sl B 
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According to a well-known rule we find for this 
(’—4* + 3’— 2° + 1?) (n—2)°. 
There are therefore 15(n—2)’ curves c„ with a triple point S'). 
In such a point the nodal curves have the same tangents d,d’. 
Any straight line passing through S is to be considered as a cuspidal 
tangent c. 
The null-system therefore has 15(n—2)” singular points. 


9. I now take three points ?, Q, R, arbitrarily, and consider (ef. $7) 
the curves (D)pg and (D)pr. To begin with they have the point P 
in common; for there is a dr, which has ? as a node, and PQ as 
tangent and a dr, for which one of the tangents lies along PR. 

Those curves have further in common the (ön—9) points D, for 
which QR is one of the tangents d. Another group of common 
points consists of the singular points S. 

Let U be one of the still remaining intersections. There is in 
that case a dr with tangents UP and UQ, and also a d with 
tangents UP and UR. From this it ensues that all d“ with node 
U have the straight line UP as tangent, consequently belong to a 
peneil in which the tangents d,d’ forn a parabolie involution. 

The double rays of this involution have then coincided in UP, 
and U is cusp for only one cuspidal c*. If such a point is called 
unicuspidal point, it follows from (5n—8)’—1 —(ön—W—15(n— 2)’ 
that (10n’—25n + 12) unicuspidal eurves send their tangent through 
P. The cuspidal tangents of the unicuspidal points envelop a curve 
of class (10n’—25n + 12). 


10. In any point C of the straight line a I draw the two null- 


ı) fn=3, and the system has 5 base-points, the 15 triple points are easy to 
indicate. One of them e.g. is the intersection of B}B, with B3B,. 
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rays c,c’ (cuspidal BUN and consider the correspondence between 
the points Z,L’, which c,c’ determine on the straight line /. 

If c is made to revolve round Z, the null-points of ec deseribe a 
curve of order (dn—8), which has a node in Z (cf. $7). Toa point 
L therefore belong (5n—8) points (’ and (ön—8) points Z’. The 
point a! represents two coincidenecies Z= L’. The remaining coinei- 
deneies arise from cuspidal tangents u of unicuspidal points U. The 
locus of the unicuspidal points is therefore a curve of order A5n—9). 

This may be confirmed in the following way. If C deseribes the 
straight line p, the null-rays c,c’ envelop a curve of order (In—8) 
wbich has p as (ön—10)-fold tangent. It therefore has, not counting 
the points of contact, (3n --8)(in—9)—(dn—10)(ön—-9), consequently 
2(5n—9) points in common with p. In each of these points the 
null-rays c and c’ have coincided. 


11. The system S@® produces in a still different way a null- 
system. Any point F is fleenodal point for five curves %”. In order 
to find this out we have only to consider the curve that arises if 
we make every dr that has 7 as node, to intersect its tangents d,d’. 
This Crt? namely, has in F a quintuple point '). 

I now associate to each point F' as null-point the five null-rays f, 
which are infleetional tangents for the five fleenodal curves gr. 

Any point D of the straight line a is node for a dr, which 
touches the ray PD in D. I now determine the order of the locus 
of the groups of (n—3) points # which each of the curves dr has 
moreover in common with. PD. If E lies in ?, dr belongs to a 
complex SS. According to $ 2 there are on a (dn-—5) nodes of 
curves dr of S(9 which send their tangent d through P. So P is 
(4n—5)-fold point of the curve (Z) and the latter consequently of 
order (ön—8). In each of its intersections F with a a curve gr has 
a fleenodal point, the inflecetional tangent of which passes through P. 

From this it ensues that the locus of the null-points F of the 
rays f out of a point P (null-curve of P) is a curve of order 
(On—8). As it must have a quintuple point in P, an arbitrary 
straight line / therefore contains (5n—13) null-points. ?) 

!) In a point $ ($ 8) the c” with triple point replaces three of the curves 


en; for the other two the inflectional tangent lies along one of the two fixed 
tangents d,d'. 


For a unicuspidal point ($ 9) one of the curves pr has its inflectional tangent 
along the fixed tangent d. 

®) For n=3 is 5n—13=2. Each 9% is then the combination of a straight 
line f and a 2%. Each straight line f belongs in Sid to a figure (f, £2); its 
intersections with @2 are the two null-points F. ; 
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12. In the null-system (C,c) P has a null curve of order (n—8) 
with node P ($ 7). Of its interseetions with the null eurve with 
respect to the system (F,f), 10 lie in P. They also have the uni- 
cuspidal points U in common, for which the tangent u passes through 
P. In each of the remaining (ön—8)—10—(10n?—25n+12) inter- 
sections @, a cuspidal eurve has with its tangent 9 four points in 
common. From this it ensues that the four-point cuspidal tangents 
envelop a curve of class (15n’—55n--42). 

If n is equal to three, the curves y’ with four-point tangents are 
replaced by conies, each with one of its tangents. The null-system 
(F,f) then has the characteristice numbers 5 and 2; the null-curve 
(P)’ of P is of class 22, consequently sends 12 tangents f through 
P, and each of these straight lines forms with the conie touching it 
a y° with four-point tangent. In conformity with this, the form 
15n’—55n-+42 produces for n—=3 the number 12. 


13. In a quintuple infinite system S@®) each point D is node for 
a net of nodal curves. A straight line d passing through D deter- 
mines in it a penecil, of which all dr touch at d in D. There is 
consequently one cuspidal y”, which has a straight line c passing 
through D as cuspidal tangent. The curves y”, with eusp D, form 
a system with index Zwo, for the curves *, passing through any 
point ?, form a penecil, which contains two curves with cuspin D. 
If every straight line c passing through D is made to intersect with 
the euspidal y”, which it touches in D, there evidently arises a 
curve of order (n+2), which has a quintuple point in D. From this 
it ensues that jive cuspidal curves have in D a cusp, where the 
cuspidal tangent has a four-point contact. 

I shall now consider the null-system (G,g), in which to a point @ 
are associated {he jive straight lines g, which are four-point euspidal 
tangents for cuspidal eurves y" with cusp (@. 


14. In each point C of the straight line a I consider the cuspidal 
curve y”, which sends its tangent c through ?, and determine the 
locus of the points Z, wbich y” has still in common with PC. If 
E lies in /, y" belongs to a system S; in it (dn—8) curves y” 
oceur, which have their cusp on a ($ 7). So the curve (Z) passes 
(5n—8) times through P and is of order (6n—11). In each of its 
intersecetions @ with a, a y" has four points in common with P@. 
The null-curve of P is therefore of order (6n—11). As it has a 
guintuple point in P, a straight line g passing through P is null- 
ray for (6n—16) points @. 
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15. The system ‚S)) contains oo' curves with & triple point 7". 
If S® is represented by 
aA+ßB+yC+0D+eE+yF=0, 
the locus of the points 7’ is determined by 
|Arı Bri Crı Dri Erı Full —E1? 


It is therefore a eurve (7) of order 6(n—2)'). 

A ır with triple point 7’ determines with a nodal dr which has 
its node in 7, a pencil of nodal dr with fixed tangents d,d’. The 
net of the curves d” with node 7’ therefore consists of &' similar 
peneils of which the tangents d,d’ form an involution. Each of the 
two nodal rays c,,c, is common cuspidal tangent for a penecil of 
cuspidal curves and each of these two peneils contains a y” with 
four-point tangent. The five null-rays g of T are therefore represented 
by the straight lines c,,c,, and the three tangents £,,2,,t, of the 
curve ı*. The points 7 are consequently not sıngular. 


16. In a sextuple infinite system ‚S() each point 7 is triple point 
of a =. To 7 as null-point the three tangents Z,, t,,t, oft” are now 
associated as null-rays. 

In order to find the second characteristie number of this null- 
system, 1 consider the curves ı*, of which the point 7’ lies on the 
straight line @« and I try to find the order of the curve, which 
contains the groups of (n—3) points #£, in which r is moreover 
intersected by PT". 

If E lies in P, r" belongs to an S5®, and 7’ is one ofthe 6(n —2) 
points which ($ 15) the curve (7) has in common with a. So E is 
a (6n—12)-fold point on the ceurve (Z), which consequently has the 
order (7n—15). 

The null-curve of P is therefore of order (7Tn—15). As it passes 
three times through P, a straight line ? passing through ? is tangent 
for (7n—18) curves ı*, which have their triple point 7 on t. A 
null-ray, therefore, has (7n—18) null points. 


17. The eurves (7), which belong io two systems ‚S6) comprised 
in 5, have the 15(n—2)’ points 7’ of the system ‚S(@ in common, 
which forms the “intersection” of the two S®). 

The remaining intersections are critical points, viz. each of them 
is triple point for a peneil of-curves 7”, consequently singular null- 
point S for (T,d. This null system has consequently 21(n—2)* 
singular null-points. 


UI, for n=3, the system (5) has the base points Bj, By, Bz, By, the curve 
(T) consists of the straight lines Bk Bı. 
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As the triplets of tangents of the curves 1” of that peneil form 
an involution, 5 is triple point with a cuspidal branch for four 
eurves 7“. Each singular null-point, therefore, bears Four double 
null rays. 


18. The null-curves of P and Q have the singular null-points ‚S 
and the null-points of PQ in common. Each of the remaining 
intersections 7 sends a null-ray through P, a second through Q. 
From (7n—15)’—21(n—2)’—(7n—18) it therefore ensues that the 
null-rays Z,,t, will envelop a curve of class (28n’—133n-+159), if 
t, revolves round a point P. The null-rays of P belong each twice 
to this envelope, each of the remaining tangents, which it sends 
through P, is evidently double null-ray. The double null-rays, therefore, 
envelop a curve of the class (28n”—133n-+-153). 


19. In order to find the locus of the points 7 for which two 
of the null-rays coincide, 1 shall consider the curve (p)n—ı; enve- 
loped by the null-rays of the points Iying on p. It has p as (7n—18)- 
fold tangent, is therefore interseeted by p in (7n—15)(7n—16)— 
(7n—18)(7n—17) points. As for each of these points two null-rays 
coincide, the points 7’ with double null-rays lie on a curve of order 
(28n—66). 

It is at the same time the locus of the triple points that have a 
euspidal branch. 

For n=3 we have a null-system (3,3); the curves r’ are three- 
rays in that case. An arbitrary straight line then forms figures c’ 
with the eurves of a net of conies. The Jacobian of that net deter- 
mines the three null-points of the straight line. 

If the system ‚S(% has three base-points, the three null-points of 
a straight line are produced by the intersection of the sides.of a 
triangle, which has the base-points as vertices. Each base-point is 
the centrum of a pencil of singular null-rays. 


Mathematics. — “On a certain point concerning the generating 
functions of Larnace.” By Dr. H. B. A. Bockwinkeı. (Com- 
municated by Prof. H. A. LoRrENT2). 


(Communicated in the meeting of May 31, 1919). 


1. The following remarkable proposition of the integral [ e-* gy(r)dr, 
0 


or of the integral 


Fe 
«(= |rwra. a 

0 
derived from the former by the substitution r = —log t, has been 


proved by Lerch’): 

If the determining function «(«) ae for an arithmetical 

progression of values of = with positive common difference n 

un, ER 1 Da ER FE LE 
then it vanishes for all values of x, and the generating function f (t) 
also vanishes. 

LercH uses for the, proof.a theorem of WEIERSTRASs, according to 
which any function which is continuous in a closed interval can be 
represented by a uniformly converging series of rational integral 
functions. Since the theorem, wbich is also mentioned by PIncHERLE ?) 
and by NIELsEN’), has a great many interesting consequences, it 
seems not unuseful to prove it in a manner which is independent 
of Weierstrass’s theorem. The reasoning we give in the next pages 
makes use of the theorem of FourIkR. 


2. The following suppositions are sufficient for the purpose: 
1. The funetion f(t) is continuous in the interval of integration, 
with possible exception as to the value ?=0. 


!) Acta mathem. 27, 1903. 

8) «Sur les fonctions deierminantes”, Ann. de l’Ec. Norm. 22, 1905. PıncHeRze 
calls f(t) “fonction generatrice” and (x) “fonction determinante”, whereas Lerch 
does the reverse. We have followed the nomenclature of PincHErLe in the text. 

3) “Handbuch der Gammafunktion”, p. 118. 
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2. The integral (1) exists for a certain vaue @—=c of x. 
We put 


»0= [Iwan en SER) 


Then, by 2, RO) is continuous in the closed interval (0,1), and 
zero for {=0. Further, by 1, git) is differentiable at all points of 
that interval, except, possibly, at =0, and we have 


DE RE ee 0A) 
Hence, if d>0, we may write 


1 


1 1 
fro dt — fo (em dl Wr], — (v0) ( W r—-1 dt 
C d ö 


If, now, z is a complex number with real part R (a) greater than 
c, the number d in this equation may be made to approach to zero, 
and thus we find 


1 ö Bi 
rar @=,0- vyer-Ad ...0) 
| J 


From tlıis it follows: If the integral (1) exists for a certain value 
2 =c of x, it exists in the whole half-plane defined by R(a) > R(c) '). 
Further it follows from (5) that the integral in the left-hand 
member represents a continuous function of x in any domain S 
lying wholly in the finite part of the half-plane R(c) + d, where 
(6 >0). In the same manner as above it is found that the integral 


1 
row tor« ER ee) 
b 0 


exists for R(z) > R(c) and represents the derivative of a (a) atany 
point of this half-plane, so that « (x) is also an analytic function. 
These consequences, too, are mentioned by PINCHERLE. 

The proof LercHn gives of his theorem equally starts from the 
equation (5). In the following reasoning, however, we shall use an 


1) This theorem is fundamental in the theory of generating functions. After 
PincHERLE different authors have proved it, though often under less general 
suppositions. The reasoning in the text is due to LeroH. This reasoning is founded 
upon the continuity of f(t), which, presumably, is forgotten by LERCH, when, at 
the end stating his theorem, he says that f(t) may be as well discontinuous. 
(Of course we do not mean to say that generalization is impossible). 
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equation derived from (5) by repeating once more the process which 
leads to the latter equation. So we put 


1 0= [ow)an. Nur 
f) 


Then, again, Ah(t) is continuous and differentiable in (0,1) and 
we have 
KNZHN rue a (8) 
The prineipal point, however, is that the latter equation is also 
valid at t—=0. Thus the derivative of A(t) is a Zimited function in 
the closed interval (0,1). Further, observing that 
lim (ka: JR) =g (y=W; 
(=0 


we find on integrating by parts, for R(x) > R(c) 


1 1 


fr ()e——id—hll)  (a—-1)I)i yet .. 9 
0 0 
and hence 
1 
a (a) = 9 (1) — (ee) All) + (ee) (a —c—l1) fh lt) Re? dt. (10) 


0 


3. The preceding statements are valid independently of any 
further hypothesis as to the character of f(l). Now, suppose that 
a(&) becomes zero for the arithmetical progression of values 

a —=ötu (u 0, 1,20. 0). Da 

Choosing the number c in the preceding equations equal to $, we 

find g1)=0 and the integral in the right-hand member of (5) 
vanishes for 

e—$+1l+4u A 

From this it follows that Al1)=0, and, in connection with the 


latter result, from (10) 
1 


hora=o, (ha 
0 
Now we saw that the derivative of A(t) is limited. According to 


a well-known proposition h(t) can therefore be expanded in a series 
of Fovrıer. We have 


Ro >23 (an cos Ant + bnsindant). . 2». (14 
0 
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where 
1 
Kalk ld 
0 
andatforın =r172, 3; 
1 1 
ER 2 ji (£) cos 20 nt dt, De al (t) sin Ar nt dt 
0 ) 


Now the functions cos2r nt and sin?ant are for any value of n 
expansible in power-series 
© © 
cos 2 nt —= Nr Ant, sin 2 nt — IB, u. 
0 0 
converging uniformly in the interval (0,1). Since A() is limited 
in that ea we may use the ae reduction 


il 
fio= 2m nt dt -fio SER ig we A, [age 
ar 0 
and in a similar manner we And 
1 N 
fr (t) sin 2a nt dt — wo 3. [10 ) tr dt 
f) 0 


Hence by (13) all coeificients in the expansion of FOUrIER are 
zero, and therefore /(t) is identically zero in the interval (0,1). 
Since, further, g)=4'(t), the same thing holds for g (t), and since 
FOBE=g(h (except at =), the generating fnnetion (f) itself is 
zero in the interval (0,1). This is the second part of Lurc#’s theorem. 
Since the first part follows immediately from the second, the theorem 
has been proved in the particular case that the arithmetical progres- 
sion of zeros of «(x) has 1 for its common difference. 

If this difference is equal to the positive number 7 and if, terefore, 
the zeros are given by formula (2), we substitute 

iz: © = nY, Bee 
by which the integral passes into 
1 


IB E a n 
„fie re ds =iL heat das). are) 
0 0 


| 
The function & !. (: 2 —p(s) has the properties 1 and 2 


7 


of $ 2, so that the foregoing arguments may be applied to it. The 
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integral (15) vanishes for tlıe sequence of values (11), hence % (s), 
and therefore also /(s), identically vanishes in the interval (0,1). 
The theorem of I,ercn has thus been proved completely. 


4. The first part of the theorem, that «(w) becomes identically 
zero, if this is the case for an arithmetical progression of x-values, 
may be proved in a direct manner, without first_proving the second 
part; and it is an immediate consequence of the proposition : 

A function « (x) defined by an integral of the Form (1) can, under 
the suppositions 1 and 2 mentioned at the beginning of $ 2, be 
expanded in a binomial series 


o-2«())) SE 


where ß is a number Iying in the domain of convergence of the integral. 

Suppose, for a moment, this proposition to be true. If, then, « (@) 
becomes zero for the sequence of values (11), we take =: in the 
equation (16). Substituting for x the values 85, &+1,5+2,... in 
succession, we find that all coeffieients c„ of the binomial expansion 
vanish and therefore that a (x) vanishes identically. 

The first part of Lurch’s theorem is very easily proved in this 
manner and it would therefore be desirable that we might derive 
from it the second part in a short manner. But as yet we are not 
in a position to do this. The above demonstration is, after all, rather 
short, but besides, on grounds that, with a view to conciseness, we 
prefer not to state, we do not think it likely that the vdentical vanishing 
of a(«) is more effective for the purpose than the vanishing for an 
arithmetical progression of values of the argument. 

Nevertheless the first part of Lercn’s theorem has an interest in 
itself, because remarkable consequences may be inferred from it. 
Among these Lerca mentions the truth that simple functions such as 


2 
sin ke, cos kw, Tl) (er2> Y 


cannot be the determining functions of generating functions, in other 
words that they cannot be represented by integrals of tlıe form (1), 
neither can products of these functions with others which remain 
within finite limits in the finite part of a certain halfplane R(«) > c. 

The proposition concerning the expansion of the integral (1) ina 
binomial series may be proved in different manners. In the first 
place integrals of that form belong to the general category of 
functions of which I showed, in an earlier communication in these 
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Proceedings (Vol. XXI, N’. 1) that they are expansible in series 
of the form (16). Consider a domain R(a)2c+ d, take a positive 
number d, < d and substitute e—=c-+ d, + y in the second integral 
of the right-hand member of (5), then R(y) > d—d, and thus positive, 
so that we have 


4 
en g (t) dt 
0 


where the latter integral exists, since g(f) is a limited function in 
the interval (0,1). Hence «(x) is in the whole domain considered 
of the form 


u 1 


= [erw MAalgl)|d< [ram 
0 


0 


AV) 


dt, 


a (2) = («—b) u (@) 
where u(z) is a function remaining within finite limits and d a 
number Iying without the domain. Suchlike functions, however, can 
always be expanded in series of the form in question. 
A second, more direct proof, is obtained by substituting = l—u 
in the same integral as considered before, and using the following 
reduction 


=. c—Bß 
— ua —ce—1 — (] — uv\YA-ce-1(1 — —B— (] — u\P-c-1 mil m 
(l—u) (lu) (1—u)® ls) el) 
where the series for R(x) > R(ß) converges uniformly in the 
intervalO<u<1. Since, for R(f) >R(c) the integral 


1 


fr (1—u) (l—u)P=e—1 du 

0 
converges absolutely (on account of the continuity of g(l—u)), we 
may, after performing the substitution in question, integrate term 
by term, and then we find (replaeing again 1—u by t in the partial 
integrals) : 


ee 1 


1 
fr Ve >23; Fair =) fi 1—tmtd=e—1g(t)d . (17) 
0 0 


0 

This expansion is, therefore, valid for R(x) > R(ß) > K(e). Since 
the product of this series with «--c can be transformed into a 
series of the same form, the required proposition has been proved 
again‘). 

1) In NieLsen’s book (l.c. p. 125) we find an analogous proof ofthe proposition 
in question; this, however, does not part from the integral in the second member 
of (5), but from the original integral, so that the hypothesis must be made that 
the latter converges absolutely for limt=0. The reduction (5) makes this 
hypothesis superfluous. 
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A third proof has the advantage of showing that expansion of (1) 
according to factorials of =—c is possible when the integral only 
exists for 2 —=c, even when the straight line /(x) = R(c) were the 
limit between the domains of convergence and divergence in the 
x-plane, and when the integral did not exist at all points of that 
line. The proof consists in repeating the process which led to the 
theorem of Lerch an infinite number of times. We write 


t 


sW=lwrWaun Wr) o= far ) du, 
i (ER) 
A 2 |: ‚(u)du,.... Mm(t) = fi (u) du,... 


0 0 


Then formula (10) may be generalized in the following manner: 


nel, al )+ 


1 
— (— 1jr 1 In—1 (1) En + (— le fo ni) een dt. 
0 


The remainder has zero as a limit for Aa) > R(e), for if @ is 
the maximum modulus of the limited funetion g(£f) in the interval 
(0,1), we have in succession 


EI ES ee. Ir 


fo n ) een a 


hence 


- 


In= ı( IE en dt 


n | @tRa-d—1 dt 


G 
Re voor R(x—ı) >0. 
ei 


9 —(C ö 4 —Rx—c 
Now ( = ) is for n—=® equivalent tn ‚ and thus the 


modulus of the remainder in formula (19) is for all n-values less 
than 
H («—e) 


R@— og) nra-a' (20) 


al 


where 4 is a certain positive number greater than @. For R («) > 
R(c) the remainder has therefore zero as a limit as n inereases 
indefinitely. Moreover the majorant-value (20) shews that on the 
half-line going from == c in the direction of the positive part of 
the real axis, the binomial series converges uniformly; for R («—.c) = 
&2—c on this line. PıncHertn has observed (l.c.) that a similar state- 
ment, which is analogous to a known theorem of Askı. on power 
series, holds for the integral (1), and that it follows from the 
equation (5), which has been found by means of integration by 
parts. In the same manner the just mentioned proposition may be 
proved generally by means of summation by parts, both for series 
of integral factorials (the binomial series treated of in this note) and 
the series of factorials in the more restrietive sense of the word, 
which proceed according to inverse factorials. For the latter series I 
have shown this in acommunication on those series'). The expansion 
of the integral (1) in such a series is, however, as appears from 
investigations of NiELsEexn ?) and PıncHERLE°’), only possible under 
restrieting conditions for /(t), viz. if it is an analytic function, whose 
eircle of convergence for the point {=1 passes through ?= 0, and 
whose order on this eirele is different from + o. 


I) Proceedings XXII, N°. 1. 

2) Handbuch, p. 244. 

3) Sulla sviluppabilits di una funzione in serie di faltorali, Rendic. d. R. 
Acc. d. Lincei 1903 (2e Semestre). 
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Bacteriology. — “On the so-called filtrable virus of influenza des- 
cribed by von Angsker.” By L. K. Wourr. (Communicated 
by Prof. C. Erkman). 


(Communicated in the meeting of June 28, 1919). 


Towards the end of 1918 vow AnGkrer !) published eommunica- 
tions on a virus of influenza, discovered by him. He injected rats 
with sputa of sufferers from influenza, filtered the blood of these 
rats germfree, when they were already very ill and put the filtrate 
into glucose-broth. After incubation at a temperature of 37° C. this 
broth became turbid, without bacteria distinetly being found in 
them. Yet von ANGERER describes very small formations, angioplas- 
mata, which he considers the cause of the influenza. This commu- 
nication was confirmed and completed by himself and other inves- 
tigators ’). The result of these researches was that the rat was no 
longer necessary for isolating the virus, but that it was sufficient to 
add blood of sufferers from influenza to the broth. 

While investigating, together with Dr. Snapper *) the secondary 
bacteria that are the cause of pneumonia in influenza-patients, we 
have sometimes observed this turbidness, without being able to 
find any mierobe in the liquid. 

Yet we were struck by the fact, that a great number of round, 
gram-negative granules were to be found in such a broth, but 
the unequal size had prevented us from eonsidering these formations 
as bacteria. After the communications of von Angerer had been 
published, I have paid more attention to this turbidness, which is 
obtained by inoculating the blood of influenza-patients into glucose- 
broth and by incubating this liquid at 37°C., and I have been able 
to observe them in three cases of serious influenza-pneumonia. 1 
must add at once however that Il found them also in a case of endo- 


” 


!) Münchener Med. Woch. 1918, NP, 46 and 47. 

2) PRELL: ibidem 1918, N". 52. - 

LESCHKE, Berlin. Klin. Woch. 1919, N®, 1. 

See further OLsEn (Report Aertzl. Verein Hamburg Jan. 7th 1919) and KRONBERGER, 
Deutsche Med. Woch 1919, N?. 9, who‘ consider the results of VON ANGERER 
non-specific. 

) Tijjdschr. v. Geneesk. 1919, p. 1483. 
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earditis lenta in a child, where I did not find streptococei in the 
blood. 

The epidemie had nearly reached its end, and I should not have 
been able to continue my researches if not a happy coineidence, a 
wrong hypotlesis, as appeared afterwards, had helped me on. 

Starting from the fact, observed by myself and also by other 
investigators, that inoculation of dead bacteria, which eomplicate the 
influenza, so pneumo- and streptococei or influenza-baeilli, on persons 
not only protects them against complications, but also against the 
influenza itself, I thought that the virus of the influenza would 
probably be present in the eultures in broth with blood of strepto- 
and pneumococei, collected by Dr. Snapper and myself, and so I 
tried to separate the virus by filtration through a Berkefeld-filter 
and inoeulation into broth with blood. It actually succeeded the first 
times. I obtained liquids in which no ordinary bacteria were 
present, but which became turbid at 37°C. My results were however 
varying, at one time the liquid became turbid, at another time it 
did not. 

After first having ascribed these varying results to the Berkefeld 
filters, it became evident afterwards that the presence or the 
absence of the turbidness was dependent on an addition of a small 
quantity of hemoglobin and now the riddle was soon solved. If one 
adds to the broth a liquid containing a small quantity of hemoglobin, 
this mixture remains clear at room-temperature, but it becomes 
turbid in the ineubator after 24 hours. This turbidness is also for- 
med in peptone, even in salt solution; the latter must be however 
very, precisely neutral, because otherwise the turbidness is not ob- 
served. The hemoglobin solution was always made by waslıing ery- 
throeytes with salt solution, then dissolvIng them in distilled water 
and filtering through a Berkefeld-filter. It is easy to give an expla- 
nation, why tbis turbidness is obtained in blood from serious 
influenza patients; in this illness a slight hemolysis of the blood 
arises intra vitam through the secondary hemolytie streptococei, and 
the blood we add to the broth will contain not only red blood 
corpuseles, but also hemoglobin, free in the 'plasma. And this is 
broken up in the incubator. i 

To prove this more closely I prepared the carotis of a rabbit free, 
let a few drops of blood flow into the broth and into a test tube (I). 
Then I injected distilled water in the earvein and shortly after- 
- wards blood was drawn from the carotis and mixed in the broth 
and in a test tube (Il). The tubes with broth were put in an ineu- 


bator. I let the blood, which was received in the testtubes, coagulate; 
412* 


- 
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the second contained pale red serum and spectroscopie oxyhemo- 
globin. After 24 hours the broth in the test tube II was decidedly 
turbid after slight centrifuging to remove the erythroeytes; the broth 
in the test-tube I was elear. Both proved to be sterile. 

The question has still to be answered, what may be the cause of the 
turbidness. If one adds a little more hemoglobin-solution to the broth 
and leaves it in the incubator, the next day a turbid liquid and a 
red precipitate are obtained; the latter does not dissolve, or only 
with great diffieulty in acids, but easily in diluted alkalies. The 
solution does not show absorptionbands in the speetroscope; in 
adding a little ammonium sulphide, we get directly a distinet band, 
characteristie of hemochromogen. If we first add potassium eyanide, 
and then ammonium sulphide, we get two bands, of which the left 
one has moved a little towards the red in comparison with the 
above band. All this points to the fact that we were dealing with 
hematin. 

It is obvious that we have an autolysis of the hemoglobin. In 
most cases the globin will remain dissolved, as the broth is not 
exactly neutral; in neutral salt solution it may add however to the 
turbidness. If one wants to obtain the turbidness of hemoglobin in 
salt solution, one ought to take highly diluted hemoglobin solutions, 
otherwise it does not appear. This happens, because the reaction 
of the salt solution changes by adding a great quantity of hemo- 
globin solution. 

The fact of getting turbid at 37° C. of tubes of broth and blood 
that has been drawn from the body a considerable time ago, a well- 
kown fact to those, who experiment with this eultureliguid, depends 
of course on the same fact: autolysis and the formation of hematin. 

Recapitulating the facts, we may say that the turbidness of broth, 
described by Vox AnGERER after adding the filtrate of the blood of 
serious influenza patients, is not specific, but must appear everywhere, 
where in the blood an important destruction of erythrocytes has 
taken place. The turbidness is not a virus, but hematin (and globin) 
originating from the hemoglobin present. 


Laboratory for hygiene of the University. 
Amsterdam. 


Physiology. — “On the relation between the electrical phenomenon 
in cloudlike condensed odorous water vapours and smell-inten- 
sity’. Bij H. Zwaarpewaker and H. Zurnvisn. 


(Gommunicated in the meeting of May 31, 1919). 


In earlier publications ') we set forth that all true odorous sub- 
stances, a large number of saponins and antipyretica possess the 
property of imparting an electrical charge. This phenomenon mani- 
fests itself most distinetly with the first group, less distinetly with 
the second, and again less with antipyretica. However, the result 
is largely dependent on the solubility in water of the individual 
substances, as it can be of some significance only when, at the 
spraying, au adequate number of dissolved molecules are present 
in the water. Suspended partieles are of themselves of no value 
for the phenomenon. Before proceeding we wish to call attention 
to a fourth group to be discussed later on, viz. the alkaloids. The 
phenomenon appears with many of them, but their solubility being 
very slight, it cannot reach a high degree of intensity. To give an 
idea of the great differences among the four groups, we observe 
that on comparison, e.g. of the charge of a saturated camphor- 
solution with that of a saturated quinine-solution, the former appears 
to be at least twice as strong as the latter. It follows then that 
among the organic substances of physiological activity the electrifying 
power is always highest in the odorous substances, so that they 
are most appropriate for the study of the phenomenon. 

It has been established before, that in homologous series Ihe in- 
tensities of electrifying power and olfactory capacity rise and fall 
concomitantly. In order to ascertain the relations of these intensities 
for odorous substances we selected at random 26 of them, distri- 
buted over various groups and series and we diluted their aqueous 
solution to such a degree ‚that on spraying they yielded only in- 
appreciable electrical phenomena (with an eleetroscope of moderate 
sensitiveness*) a deflection of from 0.1 to 0.2 scale-marks). When 


ı) K. Akad. v. Wetensch. Amst. 25 Maart 1916, 27 Mei 1916, 30 Sept. 1916, 
23 Febr. 1918, 29 Juni 1918. Arch. neerl. de physiol. T. 1, p. 347; Nederl. 
Tijdschr. v. Geneesk. 1918 II 980—982. 

2) A tension of 220 vits made the instrument defleet 10 scalemarks. (lt had a 
capacity of + 50 Electrostat.-units). 
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examined in a simple olfactometer these solutions yielded a very 
weak sensation of smell, which could readily be determined by the 
length to which the olfactometrical eylinder had to be moved out, 
in order to procure a minimum perceptibile. 

Table Ia shows the olfaction-values of the solutions when we 
try to find the “Reizschwelle”. Table 15 gives of the same substances 
the lengths to which the cylinder has to be moved out when we 


search for the “Erkenntnissch welle’’. 


TABLE la. 


The odorous substances arranged in the 
order of the smell-intensity of solutions 
yielding an approximately equal, extre- 
mely weak electricai charge 
(0,1—0,2 scale-marks). 


TABLE 12. 


The odoroussubstances arranged accord- 

ing to the “Erkenntnisschwelle” in solu- 

tions yielding an approximately equal, 
extremely weak electrical charge. 


Substances (arranged in “Reizschwelle” | Substances arranged Bee. 
ascending order of Hr en in ascending order of | tims to which 
_ smell-intensity). derismovedout. smell-intensity. nee 

Caproic acid 5 Caproic acid 9 
Artificial moschus 1 Artificial moschus 8 
Valerianic acid 1 Valerianic acid 5 
Amylalcohol l Amylalcohol 5 
Cumidin 1 Cumidin 5 
Allylalcohol 1 p. Xylenol 5 
Iso-amylacetate 0.5 Allylalcohol 3 
Terpineol 0.5 m. Xylidin 2.5 
Skatol 0.5 o. Toluidin 129 
Indol 0.5 p. Toluidin 189 
Pseudocumol 0.3 Iso-amylacetate 13 
Xylol 0.3 Terpineol 1 

o. Toluidin 0.2 Skatol il 

Anilin 02 Pseudocumol 1 

p- Xylenol 0.1 Anilin 1 

m. Xylidin 0.1 Thymol 1 

m. Toluidin 0.1 Benzol 1 
Thymol 0.1 Toluol 1 

Benzol 0.1 Xylol 0.6 
Toluol 0.1 Indol 0.5 
Naphthalin 0.1 Naphthalin 0.5 

m. Xylenol 0.1 m. Xylenol 0.4 
Guaiacol 0.1 Guaiacol 0.1 
Nitrobenzol 0.1 Nitrobenzol 0.1 
Pyridin 0.1 Pyridin 0.1 
Vanillin 0.05 Vanillin 0.1 

Average 0.54 c.m Average 2.18. cu 


In the latter case, it is true, the values are based upon the inten- 
sity of the sensation, however the psychological eonseiousness of the 
quality had been previously established. 
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As will be seen, the average olfaction-value of our 26 substancea 
in a dilution with which the electrifying power is next to impercep- 
tible, is 0.54 cm (determined after the minimum perceptibile without 
quality). The deviations vary within the tenfold of the mean values. 

Apparently the liminal perceptibility of smell-capacity, concurs 
approximately with that of electrifying power. There is, indeed, a 
certain latitude of variation in the olfaction-values, while the electri- 
fying power is considered the same for all, though probably it is 
not quite the same, because it is diffieult to distinguish differences 
of subdivisious of one tenth of a scalemark. 

One of us surmises that both the intensity of the smell and that 
of the electrical phenomenon depend in a more or less complicate 
way on 

a. the volatility of the substances 


TABLE Ila. TABLE Ilb. 


Arrangement of 26 odorous substances 

(in the stalagmometer) in a solution 

yielding a just noticeable electrical to their boiling point. 
charge. (at 15° C.). 


26 odorous substances arranged according 


Water | 49.3 Water 100° 
Naphthalin 49.3 Benzol 80° 
Artificial moschus 49.6 Allylalcohol 97° 
Caproic acid 49.8 Toluol 111° 
Anilin 50 Iso-amylacetate 116° 
Indol 50 Amylalcohol 116.3 
Nitrobenzol 50 Pyridin 116.7 
p. Xylenol 50 Xylol 142° 
p- Toluidin 50 Caproic acid 155° 
Guaiacol 50 Pseudocumol 169.8 
Thymol 50.1 Anilin 182.5 
Allylalcohol 502 Valerianic acid 184 
Toluol 50.2 o. Toluidin 199.7 
Pseudocumol 50.5 p. Toluidin 200.4 
Amylalcohol 50.5 Nitrobenzol 205 
m. Xylidin 50.5 Guaiacol 205.1 
m. Xylenol 50.6 Terpineol 218 
Benzol 50.8 Naphthalin 218.2 
Vanillin 5l p. Xylenol 220 
Valerianic acid 51 m. Xylenol 225 
Terpineol 51.2 m. Xylidin 226 
o. Toluidin 52 Thymol 231.8 
Skatol D2R2 Cumidin 235° 
Cumidin 52.2 Indol 253 
Iso-amylacetate 52.5 Skatol 265 
Pyridin 54 . | Vanillin sublimes 
Xylol 55 Artificial moschus ?? 
Average 50.9 F) 
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b. the lowering of the surface-tension of water, which they bring 
about. 

In view of this supposition it avails to know the boiling point 
of the odorous substances as well as the number of droplets of the 
diluted aqueous solutions. The subjoined tables (IIa and IId) give 
us these data. They do not warrant the adoption of an immediate 
connection, though we may conclude from them that there is a 
more remote relation '). 

The sign of the charge may also be of some influence. Whereas 
for 24 out of 26 substances. examined in widely different concen- 
trations, we invariably found a positive charge, which eventually 
disappears with progressing dilutions, a negative charge is yielded 
by caproic acid and valerianice acid in highly diluted solution 
(positive in somewhat concentrated solutions). In the extremest 
dilution, in which this negative charge is just noticeable, the snell- 
intensity of these substances, when compared with the average of 
our substances, appears to be very slight. 

Whether the charge increases or not, or whether it decreases, 
through the addition of some common salt to the solution ?”), does not 
seem to interfere with the relative arrangement of our 26 substances. 
With all of them we observe an increase of the electrifying power, 
with the exception of naphtalin, indol and skatol, whose insignificant 
charge seems to remain constant, and of artificial moschus, pseudo- 
cumol, p. xylenol and thymol, whose charges are obviously getting 
weaker. 

We conelude, therefore, merely from the facts, without attempting 
to find an explanation, that also of odorous substances, chosen at 
random, in approximately similar dilution, the smell-intensity and 
the electrifying power have reached their limen of perceptibility. 


!) Order of the number of droplets of the saturated solution: 

Naphthalin 49.3, Artificial moschus 49.6, Toluol 50.3, Pseudocumol 50.5, Benzol 
50.75, Allylalcohol (1:500)51, Vanilline 51, Indol 51.5, Skatol 52.2, Xylol 55, 
Nitrobenzol 55.5, Pyridin (1°/) 57.25, Cumidin 66.75, p. Xylenol 68.5, Anilin 69, 
p- Toluidin 69, Thymol 73, o. Toluidin 75.5, n. Xylidin 77, m. Xylenol 84, 
Caproic acid 84.5, Guaiacol 85, Terpineol 90.5, Valerianic acid 106, Isoamylacetate 
115, Amylaleohol 131. 


?) E. L. Backman, Researches Physiol. Lab. Utrecht (5). Vol. 18, p: 349; 19, p- 210. 


Chemistry. — “The zincates of sodium. Eqwlibriums in the system 
Na,O-ZnO-H,O”. By Dr. F. Govpriaan. (Communicated by 
Prof. J. BÖBSEKEN). 


(Communicated in the meeting of June 28, 1919). 


The data we find in the literature about the influence of the 

strong bases of light metals on the insoluble weak hydroxides of 
heavy metals, are extremely contradietory and ill-defined. So it is 
generally assumed that the hydroxides of zine, aluminium, lead and 
tin display an amphoteric character, so that in an excess of strong 
base they “dissolve’’” under the formation of salts. It is supposed on 
the other hand that the hydroxides of numerous other heavy metals 
do not show any propensity to form similar salts and by this tbe 
stronger electro-positive character of these metals is thought to 
reveal itself, And yet it is a fact that the hydroxides of the so- 
called strong electro-positive metals can likewise in some eircum- 
stances display an amphoteric character; nay even cuprum hydroxide 
can dissolve in a concentrated solution of NaOH or KOH. Hence 
the differences oceurring with the metalhydroxides are probably only 
of a quantitative nature and it will be worth while to investigate 
to what extent the different hydroxides show this phenomenon and 
what compounds arise in this process. This is in the first place of 
importance for analytie chemistry, where numerous separations are 
due to the difference in solubility of the hydroxides; next investi- 
gations about this subject can give us a more definite insight into 
the mutual affinity of the metaloxides and metal-hydroxides. 
_ Up till now it has not yet been ascerlained what compounds are 
formed under the influence of hydroxides on strong bases and under 
what circumstances they are stable. In a pure state they are not 
isolated and accurately delineated. We are still quite in the dark 
about the nature of the hydroxides themselves. For as a rule we 
obtain these substances as voluminous, gelatinous products, and the 
question arises whether we are to consider these as solid phases of 
a constant or variable composition or as liquid ones of a great 
viscosity. The great diffieulties which the procuring of these substances 
in a pure state, involves, are probably the cause of the very few 
exact data we have abont {he subject under discussion. 
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In the following lines we shall now state the results of experi- 
ments made with a view to get-more elosely acquainted with the 
compounds formed in “dissolving” zinchydroxide in NaOH i.e. the 
zincates of sodium, and accurately to determine their range of 
existence. Similar investigations concerning the correspondent com- 
pounds of some other metals are in progress. 

We shall now briefly summarize the data known up till now 
concerning the sodium-zincates: 

By means of solving ZnO in a hot NaOH-solution, followed by the 
addition of alcohol, Comky - and Lorıng Jackson ') obtained two 
products, to which they ascribe ee the formulae: 

H, Na, Zn, 0,17 H,O and HNa ZnO, 3 H,O. The first compound has 
a melihet point of 100°, the second Fe “ not to melt even at 300°. 

FörsTEr and GÜNTHER ?) found only one compound viz. the formula 


OH 
Fin 3H,0O. It formed white silky-glossy needles. 
N 


Herz ?) precipitated a solution of ZnSO, of known concentration 
with a KOH-solution and then investigated how much base is 
required once more to solve the Zn (OH), that is formed. It appeared 
that to 1 gram equivalent of Zn, 6 gram equivalents of OH were 
required. 

HantzscH ‘) denies the existence of sodium-zincates on the ground 
of conduetivity measurements and attributes the solution of Zn (OH), 
in NaOH to the forming of a colloidal solution. 

Jorpıs °) observes that im the long run, erystals of the composition : 
Zn (ONa}, arise in the cupron-element, in which zine is found as a 
negative pole in a solution of NaOH. 

Finally it should be mentioned, that RuBenBauer °) and Woon’) 
have determined the proportion of the number of gramatoms Zn 
and Na in a solution of Zn (OH), in NaOH; these observations can 
teach but little regarding the existence of definite compounds. 

We see from these data of the literature how vague our knowledge 
about such comparatively simple compounds still is. 


The equilibriums that may arise in an aqueous solution between 


!) Amer. Chem. Journ. 11, 145 (1889); Ber. d. deut. Chem. Ges. 21, 1589 (1888) 
2) Zeitschr. f. Elektroch. 6, 301 (1899). 

$) Zeitschr. f. anorg. Chem. 28, 474 (1901). 

4) Ibid. 30, 289 (1902). 

5) Zeitschr. f. Elektroch. 7, 469 (1900). 

6) Zeitschr. f. anorg. Chem. 30, 332 (1902). 

7) Journ. Chem. Soc. 97, 886 (1910). 
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Temperature 30,0° C.). 
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TABLE 1. — System Na,O—ZnO—H;0 ( 
Composition of the Composition of the 
solution. rest. 
%/u Na30 | %/, ZnO | 9, HzO |/%, Na;O | 0% ZnO | %/H,O 
EN EEE EEE SER 

11.8 2.6 85.6 10.1 2IRR 67.7 
17.4 5762 10E771.6 15:37 1,1029% 167,8 
24.6 12.6 62.8 2022. 29.1 50.7 
24.9 | 12.9 62.2 22.0 2358 54.5 
23 11.3 65.0 19.1 31.2 49.7 
23 16.0 56.7 Zeil 32.7 45.2 
21.8 | „16.5 | 55.7 = 2 e 
28.0 14.9 Hal 28.1 28.3 | 43.6 
33.5 10.9 55.6 28.6 27.9 43.5 
36.7 9.5 53.8 31.9 28.5 39.6 
31.8 Le] 56.5 | 31.0 2022 48.8 
30.1 13.2 56.7. | 291 29.2 41.7 
33.2 1172 55.6 29.7 31.8 38.5 
31.5 11.8 56.7 29.2 3229 37.9 
36.9 10.1 53.0 | 34.9 1122 41.9 
34.7 10.4 54.9 33.7 15.6 50.7 
36.1 1022 DIET, 34.0 lernt 48.3 
36.8 9.9 53.3 33.1 22.8 44.1 
39.2 9.7 91.1 — — — 
39.4 9.0 51.6 42.6 1.0 50.4 
39.6 7.2 53.2 41.0 6.1 02:9 
40.7 2.0 81.3 42.0 1.8 56.2 
40.5 126 57.9 42.6 1.3 56.1 
40.9 1.1 58.0 42.7 0.4 56.9 
41.9 0.0 58.1 _ —_ — 
24.6 1275 62.9 23.6 1522 61.2 
19.9 15.2 64.9 16.1 len 56.2 
4.6 1.0 96.4 3.7 15.4 80.9 
4.5 0.4 | 9.1 21642023. 76.0 
137 122 79.1 9.3 30.4 60.3 
10.1 4.7 85.2 6.2 32 61.1 
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NaOH, Zn(OH), and their compounds if any, must be considered 
as those in a ternary system with the components: Na, O— Zn 0O—H,0. 
The solubility-diagram of this system could now be completely 
determined at a constant temperature. As starting-material for these 
determinations we used NaOH, prepared from sodium; the ZnO being 
obtained in the following manner: Pure erystallized zine nitrate was 
precipitated with the required quantity of ammonia, thoroughly 
washed out with boiling water, the precipitate then being dried at 
140°--150°. The oxide was. also obtained by glowing precipitated 
zinc-carbonate, this oxide being less active, owing fo the strong 
heating, it required a longer time to reach equilibrium. Both prepa- 
rations showed equal solubility. For the preparing of the hydroxide, 
vide infra. The water had been distilled and boiled out before use. 
AN the determinations were executed in a thermostat of 30,0°C. 

In table 1 and the accompanying diagram 1 a survey of the results 
is given. All the number-values represent weight percentages of the 
saturated solution. As it proved extremely diffieult to accurately 
isolate. the solid phases, we determined the composition in nearly 
all cases according to SCHREINEMAKERS’S rest-method. 

In determining the curve AB we added ZnO as solid phase '); the 
‚solubility of this substance appears rapidly to increase with growing 
NaOH-eoncentration. As appears from tlıe second eurve BÜ of the 
isotherm, the sodium-zincate of the formula: Na,OZnO4H,O preei- 
pitates from the solution, while constantly the NaÖH-concentration 
is increasing. The curve CD, where solutions are saturared by the 
monohydrate of sodium-hydroxide: NaOH. H,O [Na,0.3H,0] is 
immediately joined to BO. According to the melting-diagram NaAOH—.H,O 
determined by Pickering*) this hydrate is the only stable compound 
of NaOH with water at 30°. 

Consequently only one stable zincate arises at 30°, having the 
Formula: Na,0.ZnO.4 H,O. All the other zincates described in the 
literature, must be considered either as metastahle or as not existing at all. 

The opinion of HantzscH?’) concerning the colloidal nature of the 
solutions, does not hold true either, as will appear still more 
decidedly later on. 


Properties, preparation, etc. of the sodium-zincate 
Na,0.ZnO .4H,O. 


The diagram referred to already shows that the sodium-zincate 


!) Except in the numbers 26 and 29 (vide infra). 
%) Journ. Chem. Soc. 63, 890 (1893). 
3) Loe. eit. 
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belongs to those salts that form the so-called incongruent solutions. 
On adding water, these salts do not yjeld a simple solution, but 
one of the components, from which we can imagine the salt to be 
formed, separates on the addition of water. Many instances of this 
are already known. With the zineate of sodium this phenomenon 
is specially pronounced. Not only will the addition of water to the 
solid salt effect a separation of ZnO, hence a decomposition of the 
compound, but diluted solutions of NaOH will likewise produce the 
same effect. From the isotherm we may infer, that solutions below 
a concentration of 33,3 Gr. NaÖH to 100 Gr. solution (hence 1 
part NaOH to 2 parts of water) will cause a separation of ZnO 
from the solid salt,. i.e. the concentration of the NaOH-solution will 
have to be raised beyond this boundary in order to obtain pure 
zincate erystals. The inadequate attention paid to this eircumstance 
is probably the eause of the manifold contradietions in the literature, 
hardly anywhere do we find the concentration of the solutions 
indicated, thus obtaining in many cases mixtures of zincate. erystals 
and ZnO, the possibility for this being very great as appears from 
the situation of the solubility-curves. In analysing these mixtures 
investigators attributed tbe incorrect composition of a compound to 
theın. This occurred among others with the experiments of CoMmkY 
and Lorıng Jackson '), wlıo prepared zincates by solving ZnO in a 
hot, eoncentrated NaOH-solution, they then added alcohol to the 
liquid and in this way obtained two products: one from the layer 
of water by shaking out so long with alcohol till erystals appeared 
and one from the aleoholie liquid. 2 

I have repeated this method and in doing so I started from 50 
Gr. of water, to which 50 Gr. NaOH was added. After introdueing 
17 Gr. ZnO in small qauantities at a time, the zincate crystallized 
out in an appreciable quantity. According to our diagram we are 
in the centre of the saturation-region of the zincate. With the 
necessary precautions the erystal agglomerate was sucked out without 
any access of air and carbonie acid, and was then dried on porous 
earthenware. Of course the remaining liquor could not be altogether 
removed in this way, but washing-out without simultaneous decom- 
position is impossible. The analysis of the erystals produced: 

N2:07298%, 220003782, 023234 

(Theoretically for Na,O . ZnO. 4H,O... Na,0...28,9 °/,, ZnO...37,6 °/,, 
H,0...33,5 °/,). On microscopie inspeetion the product appeared to 
be perfectly homogeneous, the erystals showed as long bars with a 


1) Loe. eit. c.f. also GmeLin-Kraur’s Handbuch. 
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Na,0. 20 40. 


Ho 777) DE 


blunt extremity. They are faintly double-refractive. Amorphous 
particles could not be ascertained. The erystals which had formed 
in the experiments N®® 8—18 were likewise microscopically examined ; 
they appeared entirely to correspond with those obtained in the 
above-mentioned manner. j 

A specimen of the erystals treated with alcohol of 96 °/, showed 
a complete change. A superficial examination already teaches us in 
this case, that under the influence of the alcohol the cıystals 
gradually disappear, while amorphous particles preeipitate from the 
liquid. Mieroscopically too it appears that in these eircumstances the 
erystals cannot exist, but separate out amorpbous particles ZnO (or 
Zn(OH),): Even alcohol of 96°/, has a hydrolyzing influence on the 
zincate, and it is not surprising that the above-mentioned inves- 
tigators obtained products of an improbable composition. Proportional 
to the quantity of the alcohol and the duration of the operation, a 
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mixture will be obtained containing a greater or smaller quantity 
of zincate-erystals. The formulae for such products are devoid of 
sense and should consequently disappear from the literature. 


Stability, preparation, ete. of zinc hydrozide. 


It is generally known, that as a rule zine hydroxide is obtained 
as a gelatinous, voluminous mass. Now it was essential for the 
present investigation to determine whether this phase has a constant 
or a variable composition and to find out its stability regarding 
ZnV. There are many indications to be found in the literature that 
the hydroxides obtained in varying ways do not possess the same 
composition. EULER') prepared from the nitrate hydroxides which 
proved to havea varying solubility in ammonia. Hrrz *) and Hantzsch °) 
point out the great diffieulties involved in obtaining Zn(ÖOH, in a 
pure state and specially the tenacity with which it retains sulphate- 
ions. It seems, that it is easier to obtain a pure hydroxide from 
the chloride or nitrate than from the sulphate. With the experiments 
made to confirm this statement, I proceeded from pure ZnO, which 
was dissolved in hydrochlorie acid and nitrie acid, upon which the 
hydroxide was: precipitated by means of the addition of the quan- 
tity of ammonia calculated. If this preeipitate is washed out with 
boiling water it almost immediately becomes more gritty, heavier 
and less gelatinous. After washing out a few times and following 
it up by desiccation at 100°, the product appeared to contain only 
0,6 °/, water. In consegence of the washing-out the hydroxide is 
converted into oxide already at 100°. Hence Zu(OH), at 100° is no 
longer stable. 

We then tried to achieve a pure hydroxide by washing out at 
room-temperature. It appeared however, that even after prolonged 
and continued extraction the produets were still chloridie or nitritie. 
During the first hours of the extraction we observe a considerable 
deerease in the eoncentration of the adsorbed ion, afterwards it falls 
but very 'slowly. The following figures will further illustrate this. 
statement: 

Hence it is practically impossible in this way to oblain a pure 
hydroxide from the chloride. The products from sulphate and nitrate 
yielded similar results and though it is stated in (he literature, that 
the nitrate-ion is much less strongly absorbed than the other ions, 
we determined that even after an extraction continued for days the 
3) Ber. d. deutsch. Chem. Ges. 36, 3400 (1903). | 

2) Zeitschr. f. anorg. Chem. 30, 280 (1902); 31, 357 (1902). 

3) Loe. eit. 
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TABLE 2. 


EEE REES WE GESEBERREEGEEE ESSENER 


Duration of b Re e 
extraction. in | Cl degree in Po after drying 
at 100°. 
hours. 
| 

0 0.59 

4 0.36 

8 0.35 

16 0.34 

48 0.30 


products were still nitritie. Yet I performed with the gelatinous zinc- 
hydroxide some measurements concerning the solubility in NaOH, 
not because the values determined can have an absolute significance, 
but exelusively with the purpose to investigate whether this hydroxide 
reveals a higher solubility than ZnO, and consequentiy must be 
considered as metastable towards the latter. This proves indeed to 
be so, as the subjoined numbers demonstrate; the points found lie 
considerably above the curve of solubility (AB) of ZnO. At the 
same time it appears that the solubility deereases in proportion as 
the hydroxide is kept for a longer time. This too is in favour of 
the statement, that these products must be considered as metastable 
phases inclining to stabilisation to ZuO. 


TABLE 3. . 

a Composition of the solution. 

preparation of the hydroxide. 
%/o ZnO 0%/, Na,0 

1 10.5 11.3 

10 | 9.3 11.4 

24 8.2 11.3 

12 (A) 1153 


For the solubility of ZnO with a Na,O concentration of 11,3 °/, we 
find by interpolation 2,3 °/,, hence considerably lower. 


iR Orystallized zine hydroxide. 


It may be concluded from the above that we must consider the 
amorphous, gelawinous hydroxides as phases of varying water-percen- 
tage, they besides ‚being extremely diffieult to purify. There now 
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was a possibility that under special ceireumstances, a erystallized 
hydroxide of a constant composition eould be obtained. There are 
some intimations in the literature, that Zn(OH), sometimes seems 
to arise in a crystallized form. Thus BecquerkL') states that he 
obtains the crystallized hydroxide by placing a zine bar wound 
round with a copper-wire in..a solution of sieilie acid in eaustie lye. 
In this process isometrie octahedrons were formed, to which he 
ascribed the formula Zu(OH),. Various similar indieations are found 
in the older literature though the observers do not agree as regards 
the composition of the erystals?). Of late years the zinchydroxides have 
been newly examined among others by Kıem °). He distinguishes three 
forms of the hydroxide; form A is most strongly soluble in NaOH 
and arises by adding drop by drop ZnSO,-solution to a NaOH-solu- 
tion. The analysis of the product dried at a normal temperature 
yielded: 2ZnO.H,O. In course of time the forms B or C separate 
out from the saturated solutions of A; both would have the com- 
position: ZnO.H,O, but BD is sometimes obtained in fine crystals, 
whereas (’ is always amorphous. 

It is clear from the preceding that we ei not demonstrate that 
a constant composition of the amorphous hydroxides is out of the 
question. The water-percentage of these substances depends on all 
kinds of factors: preparation, duration of keeping, ete.; hence a 
definite formula for them is valueless. 

The case is otherwise with the erystallized hydroxide. I really 
found it possible, to isolate the zinchydrowide as a crystallized phase 
of a constant composition. In doing so, I set about it in the following 
manner: to 50 c.e. of a normal solution of KOH, I added a normal 
solution of zine sulphate in drops from a burette. At the outsets 
the hydroxide forming immediately dissolves, but finally a point 
is reached at which the liquid remains slightliy turbid when 
shaken. On vigorous sbaking and especially on scratching the 
glasswall and allowing to stand for a few minutes a heavy, sandy 
preeipitate arises. Grafting with erystals already obtained, appeared 
greatly to accelerate the separation. On mieroscopie examination the 
product gives an altogether homogeneous impression and it appears 
to consist of very small, drawn-out bar-shaped crystals. They filtrate 
very easily and contrary to the amorphous product, the erystals can 


i) Lieb. Ann. 94, 358 (1855). 
2) Cf. among others Böpzker. Lieb. Ann. 94, 358 (1855); VILLE, Comp. Rend. 


101, 375 (1885). i 
3) Zeitschr. f. anorg. Chem. 74, 157 (1912). See also Woop, Journ. Chem. Soc. 


97, 886 (1910). 
13 
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be washed out very rapidly. On drying at 40°—50° the analysis 

yielded: 

18,06 °/, H,O; 81,91 °/, ZnO (Theoretically forZn(OB),.... 18,11°/, H,O 
81,842 ,0200). 

The concentration of the KOH-solution was varied between the 
limits of 4,0 and 0,1 normal; the eoncentration of the zinc sulphate 
solution likewise; the erystals formed always were of the same 
shape and composition. 


Stability of erystallized zine hydroxide towards zine owxide. 


The experiments Nos 26—31 of Table 1 give an insight into the 
stability-relation of the erystallized Zn(OH), and ZnO. With No. 26 
the solid phase was added as crystallized Zn(OH),; the mass was 
kept for over a fortnight in the thermostat at 30°. It then appeared 
that the cerystalline Zn(OH), had been entirely converted and 
the solid phase consisted of ZuO. This was confirmed by the ana- 
lysis of the solution and remainder, the point found falls on the eurve 
AB. So it appears from this, that at 30° the cr Be eine hy- 
droxide is metastable towards ZuO. 

With a shorter equilibrium-adjustment z2 proved possible to deter- 
mine the metastable solubility curve of Zn (OH),. No. 27 was set 
in with erystallized Zn. (OH), and after & 24 hours the solution 
was analysed; the solid phase appeared to consist even then of 
erystallized hydroxide. Conformable to this the zine percentage of 
the solution (e= f. table) was considerably higher than corresponds 
to the curve AD. Numbers 30 and 31 have been executed in a 
similar manner, here again crystallized Zn (OH), was added as a 

„solid phase, the solution being analysed after + 24 hours. The 
determined compositions of the solution again lie considerably above 
curve AB. The points representing these solutions form together the 
metastable solubility curve Z#F of the erystallized zine hydroxide. 

Finally the determinations N% 28 and 29 have been carried out 
in the same solution, to which erystals Znu(OH, were added as a 
solid phase. After about + 24 hours the solution yielded the com- 
position N°. 28, Zn(OH), being present as a solid phase. Whereas 
after one day these erystals still appeared to be present, the solution 
still being of the same composition, we found three weeks later on 
the composition N®. 29. All the Zn(OH), erystals had disappeared ; 
the point now found lies on AB, while the analysis of the rest 
indicated too, that ZnO was present as a solid phase. Other eireum- 
stances being equal the solubility of erystallized Zn(OH), is conside- 
rably higher than that of ZnO. 
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SUMMARY. 


1. The solubility-isotherm in the system Na,0-ZnO-H,O was com- 
pletely determined at 30°. 

2. We found that the following substances appeared as stable, 
solid phases: zinc-oxide ZnO, zincate of sodium Na,0-ZnO-4H,O, the 
monohydrate of sodium hydroxide NaOH-H,O. 

3. The sodium zincate forms very strongly ineongruent solutions, 
by solutions below a concentration of 1 part of NaOH to 2 parts 
of water it is decomposed while separating out ZnO. 

4. The amorphous, gelatinous zinchydroxide must be considered as 
a phase of a varying water-percentage; it cannot possibly be cleaned 
of adsorbed ions. It is metastable as regards erystallized zinchydroxide. 

5, Under special eircumstances zinchydroxide is obtainable as a 
erystalline phase of the constant composition Zn(OH),. 

6. This erystallized hydroxide is metastable at 30° as regardsZnO. 


The cost of these investigations has been partly defrayed by a 
subsidy from the Van "r Horr Fund which was put at my disposal. 
I here beg to express my cordial thanks to the Board of Admini- 
stration of this Fund. 


Anorganic and Physical-chemical 
Laboratory of the Technical Unwersity. 
Delft, June 1919. 
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Physics. — “The Anomalous Zuwman-Zffect.’ By Dr T. van LoHvtzen. 
(Communicated by Prof. H. A. LorENTZ). 


(Communicated in the meeting of May 31, 1919). 


Different attempts have already been made to explain the ZeEMAN- 
Effeet from the atom model of Bonr'). As yet only the normal 
Lorentz triplet has been explained, often with superfluous components, 
which however have disappeared in the theory of Rusınowıcz. 

The theory of the anomalous ZerMman-effect has not yet advanced 
much, nor is the explanation of the PascHex-Back-effeet much further. 

It may, however, be tried to bring one of the parts of the problem 
to a solution, so that possibly the results obtained in this way might 
be serviceable for the complete solution of the problem. 

One of the questions that presents itself here, and which I have 
set myself the task to answer, is this: 

Does the magnetic splitting up exclusively depend on the initial 
and the final path in which the eleetron moves, or does the transition 
play a part in it? 

In other words: 

ls in the presence of a magnetic field the formula: 

WW, 
= Dr KS 
valid, or should it be replaced by a formula as e.g. 
W,—-W, eM 
De x na ga a ee 


h 4 me 


DEZE 


as Bour ?) thinks he has to assume. 

i will put the question into still another form, because expressed 
in these words the solution is easiest to give. 

It is known that the frequency of the vibrations of every speetrum 
line may be represented as the difference of two functions, so-called 
“sequences”’, e.g.: £ 


!) N. BoHr, Phil. Mag. 27, p. 506. 1914. 

K. Herzrerp, Phys. Zs. 15, p. 193. 1914. 

P. Deprye, Gött. Nachr. 1916, p. 142, Phys. Zs. 17, p. 507. 1916. 
A. SOMMERFELD, Phys. Zs. 17, p. 491. 1916. 

A. Rusınowicz, Phys. Zs. 19, p- 441 en 465. 1918. 

N. BoHr, Phil. Mag. 27, p. 506. 1914. 
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I have extensively set this forth in my treatise “Le Phenomene 
de ZERMAN et les series spectrales” '), and will henceforth refer to this. 

There I have demonstrated among others that for every “complex” 
of spectrum lines, i.e all the Spectrum lines whose frequencies satisfy 
equation (3) when the functions w and p are given, and i and % 
each pass through the series of the whole positive values, a definite 
type of anomalous ZEEMAN-effect holds, provided the influence of the 
Paschen-Back-effeet be taken into account. Hence we may briefly 
say that every type of anomalous Zexman-effeet is determined by the 
form of the functions w and 9. When these functions have once been 
determined, the difference of these functions for positive whole values 
of the argument always yields a spectrum line with a definite type 
of ZEEMARN-effect. 

As has been shown more at length in my cited paper’), these 
functions may be indicated as: 


pl) — ph) 


Single p s d 
Dose Irlelslelale|r|r 
me Inlelmisie[elalelelelele 


Accordingly the symbol MIZ is the brief way of writing: 
ie lma rd 


»= ng) —= 9.3 04..; 


For the Zunman-effeets belonging to every complex I refer to (l.c.). 

The above question may, therefore, now also be worded as follows: 
Is each of the above-mentioned functions (“sequences’’) separately 
changed by a magnetic field, and is, therefore, the ZukMARN-effect 
that is observed the result of tie change of the two sequences together? 
"Or could we ask when speaking of II-paths, I-paths ete., by 
which we therefore express that an electron that jumps from an 
I-path to a Zl-path gives rise to a spectrum line belonging to (he 
complex N2: RE 

Is every II-path, I-path, ete. in a magnetic field each in itself 


1) T. van LOHUIZEN, Arch. Musee Teyler (II) 2, p. 165. 1914. 
#) Henceforth to be indicated as (]. c.). 
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split up into different paths, each with a somewhat different energy 
value, so that when jumping from and to these transformed. paths 
the electrons would emit a vibration with a somewhat changed 
frequency ? 

If this question should be answered in the affirmative, it would 
follow from this that given the modes of splitting up of each of 
the paths (IT, 8 ete.), the observed types of Zeuman-effect might be 
found from this by simple subtraction, in other words, that the 
anomalous Zerwan-effeet would follow the so-called “Kombinations- 
“ prinzip”. 

To answer the questions put I have done exactly the reverse. I 
have namely tried to determine whether in the material of obser- 
vation of the anomalous Zweman-effeet indications were to be found 
of the validity or non-validity of the “Kombinationsprinzip”. 

In what follows I will communicate some of the results obtained 
by me. 

As material has served what I had collected in (l.c.). In order 
to be able to treat a number of complexes as large as possible with 
a number of sequences as small as possible I have confined myself 
for my first investigation to the triple complexes, and added to this 
some single complexes with strange asymptote. 

These are collected in the following table: 


initial path 


ee 
en > N IN " d 
final path 


21 12 IIA ITA" IId 
IT I’2 IEN IA" IT'd 
II" n"D> II' A TI: EN I " d 


For the types of Zerman-effect that these complexes present, see (l.c.). 
From this material some general conelusions may first ofall be made. 
When the electron jumps from an initial path to a. II-path, the 
ZEEMAN-effect is more complicated than when from the same initial 
path it jumps to a IT'-path, and this in its turns is again more com- 
plicated than when from the same initial path it Jumps to a I7"-path. 
It is therefore natural to assume that in a magnetic field the 
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T-path will split up into more paths than the IT".path, and this 
again into more than the 77"-path. 

For the double series the same thing applies to the P-path and 
the P’-path. 

When only the | polarized components are considered, the same 
rules hold for them, in this case “more” should however be replaced 
by “more or equal”. / 

The number of components polarized // is for II’ greater than 
IT", and for P equal to P. 

Another general conelusion can be drawn. When the eleetron 
jumps from 3 (and also from s and S) paths the components pola- 
rized 4 and // are always different. 

Jumps from the other initial patlıs (A, A', A", and d) often yield - 
coineiding ı and // polarized components. This is e.g. the case for 
jumps 

from A paths to IT, I’, and IT" paths 


/ 
, A 2) » 2 ) 
„ a" „ „ IV’ and IT" 55 
Tr 
le Er II = 


This peculiar behaviour of the 2 (resp. s and S) paths raises 
the question whether this may possibly be in connection with 
SOMMERFELD’S') view: 

“Infolgedessen drängt sich folgende geometrische Deutung auf: die 
p- und d-Terme entsprechen ebenen Bahnen in der Symmetrieebene 
des Atoms, ähnlich den Kerrrrer-Ellipsen; der s-Term hat seinen 
Grund darin, dass die beim Wasserstoff bestehende Punktsymmetrie 
durch die Atomstruktur von Zi und He aufgehoben ist und dass 
daher noch andere Bahnen als die in der Symmetrieebene möglich 
werden’. 

The X (resp. s and S) paths might therefore be imagined 1 to 
the equator, and possibly this situation outside the equator might 
be the reason that in its jump to a path in the equator plane the 
electron does not give coineiding components, whereas it might be 
imagined that in jumps between paths Iying in the equator plane, 
the chance to coineiding components is much greater. 

From a private conversation which I had shortly ago with Professor 
BoHur on this subjeet it ‚appeared to me that he had grounds to 
suppose the 2% (resp. s and 5) paths to be also equatorial. 

It should further be remarked that the complexes which are the 


I), A. SoMMERFELD, Zur Quantentheorie der Spektrallinien, München. Ber. 4 Nov. 
1916, p. 153. 
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subject of this investigation, occur exelusively for chemically bivalent 
eleınents. For univalent and trivalent elements there occur no Greek 
complexes. 

After these more general remarks I will now set forth in what 
way I have carried out the inquiry as to the possible validity ofthe 
“Kombinationsprinzip”. 

On a celoser examination of the different types of the abnormal 
ZEEMAnN-effeet for the complexes mentioned it strikes us that for most of 
them the distances of the components from the original line are multiples 
of half the distance of two components from the normal LorEnTz-triplet. 

When we°call & the change of energy which a path must undergo 
for an electron jumping from that path to an unchanged path to 
.emit light corresponding with one of the components polarized 1 of 
the normal Lorkntz-triplet, while jumping from the unmodified path 
it emits light of a frequency of vibration equal to that ofthe middle 
component polarized //, then 


dvy=- 
h 


will indicate the difference in frequency between the two before- 
mentioned components. 

Accordingly this &e must be proportional to the 9. 

I have now introduced the hypothesis that through the magnetie 
field each of the initial- and final paths splits up into two or more 
paths, which present energy-differences with the original path of 


Sen? zn=0. 1.2. 3). 


Then I have examined what values of n must be assigned to 
each of the initial and final paths to enable us to explain the 
observed components. 

This yielded the following results: 


The IT path splits up into 7 paths with energy differences 0, & E: = z 
2 2 
€ 

„ IT „ „ De) 2 „ ” ”„ = D) $) me 

„ II „ „ » » 2 ns „ „ Se 

„ >3 „ „ 3» 2 „ „ „ = 

„ ä „ ”„ » » 3 „ „ „ 0, =e 
€ 

” Ze „ „ BEN 4 ” » 2) = D) ’ ne: 

„ d „ „ ”.» 3 „ = PR) 0 oe 


Then we get the following types for the Zurman-effeet for the 
different complexes. 
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Under every component it is indicated from what jump or jumps 


above 
the component expresses 


it is supposed to have arisen. A — 
under 


A Ll : 
that it is polarized Y When both signs oceur, the two components 


coineide or the polarization is incomplete. Between ( ) are placed 
the so-called superfluous components, which have not been found 
in the observation. The adjoined notes of interrogation will be dis- 
cussed further on. 

First a few words about the superfluous components. By far the 
greater part are extreme outer components. As the outer components 
that have been observed, are mostly very faint, it is possible that 
the theoretically found components are so faint that they could not 
be observed up to now. These components originate namely by 
jumps from and to the most greatly deformed paths, and according 
to SOMMERFRLD these are less probable than the less deformed ones, 
so that the number of jumps of the electron from these greatly 
deformed paths is relatively much smaller, hence the produced 
component much fainter. 

This explanation, is however, not applicable to the question 
whether the middle components of II’ & and Id are superfluous. 

It would, however, also be possible that the “Kombinationsprinzip” 
was dependent on a restrictive condition. Prof. Bour was namely 
of opinion, as appeared to me from a conversation on this question, 
that in its jumping the electron should also be bound to the condition 
that the angular momentum in initial and final path may not 


J * . * 
differ more than 1 X a I have not succeeded as yet in introdueing 
Bu 
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this condition as restrieion of the “Kombinationsprinzip”. That 
there must somehow exist a restrietive condition, does not seem 
doubtful to me. 

That however in some cases the non-appearance of a middle 
component can yet be ascribed to the observation, may appear from 
the following example: 

In my paper (loc. eit.) the Zeuman-effeet for IA" is given as an 
octet without middle component, here as a nonet with middle 
component. 

My first statement‘ was among other things based on the obser- 
vations by Mirver '), who has not found a middle component, 
whereas Wenpr ’) does find the middle component for the same 
lines: “bei dem zweiten Begleiter ist die mittlere Komponente über- 
sehen”. (p. 559). 

From this it may, therefore, appear that it is by no means impos- 
sible that some of the observed types of Zerman-effect are incomplete, 
and that possibly some of the “superfluous’’ components found by 
me will after all appear to be present on eloser observation. 

The outer. components of I’A” are marked with a note of inter- 
rogation. These components have been found both by Wexpr (loc. 
eit.) and Mirter (loc. eit.), the distances to the middle component 
are, however, somewhat smaller than agrees with 28. The state of 
polarisation could not be determined by MırLer on account of the 
slight intensity; Wenpr finds 1. 

The other notes of interrogation are found beside Ad. Winpr 
finds for this ten components, whereas MıLtLEr has observed twelve. 
The latter observer remarks here, however (loc. eit. p. 117): 

“Die durch Klammern zusammengefassten Linienpaare liefen in 
eine Linie zusammen, wenn beide Arten von Schwingungen zuge-. 
lassen waren”. 

When this is taken into account, the notes of interrogation may 
be omitted, and z and —e may be substituted for them. 

The 0-component has, however, not yet been accounted for. 

Another factor that remains to be explained, is the state of pola- 
risation of the components. 

Though here for the anomalous Zurman-effects, just as for the 
normal triplet, the outmost components appear always to be pola- 
rized L, I must confess that I have not yed succeeded as yet in 


l) W. MILLER, Zeeman-effekt an Mg. Ca. u.s. w. Ann. d. Physik, 24, p. 106, 
1907. 

. 2) G. Wenopr, Untersuchungen an Quecksilberlinien. Ann. d. Physik, 37, p. 535. 

1912. 
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finding a simple rule for the state of polarisation of the components. 

As regards the intensity, the supposition has already been expressed 
above that according- as the electrons jump from or to strongly 
eccentric paths, the intensity of the produced components would be 
slighter. It is to be regretted that the material of observation does not 
allow us to test this supposition in every detail, because the values 
found by different observers are often contradictory. 

Mirner (loc. eit. p. 112) gives, indeed, e.g. for the intensities of: 

ZU 33 2562 2 l 

U 1 1 

ee 4. 
and from this appears a rapid decrease of intensity towards the 
outer components, (with which my “superfluous’’ components, which 
are still weaker, are in good agreement). Also the fact that the 
middle components are stronger, is in good harmony with this that 
each of the components can be produced by some different jumps. 

This investigation can, however, not yet be universally carried 
through on account of the above-mentioned mutual contradictions. 
The causes of these differences of intensity have been investigated 
by Zeeman'), but it can seldom be inferred from the publications 
of the different observers what circumstances have given rise to 
their differences in intensity, and which are the reliable intensities. 
A research as discussed above will not be possible until this has 
been settled with certainty. From the results of such an investigation 
important conclusions might be drawn as to the correctness or in- 
correctnes of the hypotheses given by me in this paper. 

From what has been found so far I think I am justified in con- 
eluding that there are indications to be found in the material of 
observation for the validity of the “Kombinationsprinzip”, also for 
the anomalous Zurman-effeet. It is, however, not excluded that a 
restrietive condition in the sense as given by BoHr (see above) causes 
the prineiple not to be always clearly manifested. 

At any rate I think I have shown that the “sequences” vary 
separately in the magnetic field, and that the observed ZueMman-effect 
is the result of the variations of the two sequences together. 

In eonneetion with this I am also of opinion that Bonr’s equation: 
M—-W; 

h 
keeps its validity in the magnetic field. 

The Hague, May 7 1919. 

1) P. Zerman, Proc. Amsterdam, Oct. 1912 and Researches in Magneto-Optics 
p. 94 et seg., Macmillan 1913 
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Physics. — “A Theory of a Method for the Derivation of the 
Distribution of Energy in a Narrow Spectrum Region from 
the Distribution of Energy, Observed in an. Interferometer”. 
By K. F. Nissen. (Communicated by Prof. W. H. Junnvs.) 


(Communicated in the meeting of May 31, 1919). 


Mic#erson has pointed out the direction in which it should be 
tried to find such a method‘). He first considers two absolutely 
monochromatie beams, which he causes to interfere with a difference 
of phase. If this takes place in the interferometer of Michktson, in 
which tbe plane of reference may lie at a distance / before the movable 
mirror, the difference of phase of the rays that have struck the 


2l 
mirrors at right angles is BE x 27 (or 4r/m, when we work with the 


number of waves m, by which we understand the number of waves 
in the unity of length). The ocular is adjusted for infinity, and in 
the middle of the field of vision (for tbere the rays striking at right 
angles interfere) an intensity ./(l) is observed, which can be caleulated 
by the aid of the formula’): 


Jl)2J, 3%), od Ina aa 


from the equal intensities ./, of the interfering beams. An arbitrary 
beam of light may be thought to be divided into an infinite number 
of absolutely monochromatie beams of the intensity: 


J=w()ar or Jytm)am.. 0 2 2 


when we use the number of.waves m. As intensities which are due 
to different frequencies join scalarly, this light admitted to the 
interferometer of MicHkuson, will give rise in the point under consi- 
deration to the intensity J(l), given by: 


ı) Phil. Mag. (5) 31, pag. 338, 1891. 
?) Drupe, Lehrb. der Optik, p. 123. 
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0=2[u ae 2 (u (A) cos = d. or 
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0=2|; x. (m) dm + 2 fr (Mm) con Am Im dm or)... (8) 


70 —+a 
0=2|4 (x) de + 2 (ve) cos Anl (m + a)dı. 
— ee 


Here A, and 2, are the lengths of the smallest and of the largest of the 
waves present, hence m, and m, are the outmost frequencies on either 
side, m being the mean of them, so that we may pt m—=m-+«. 

Further y(x) has been written for y(m-+ x»). The region of 
frequency 24 of the beam is supposed very small by MiıcHkLson, 
so that he examines only a practically monochromatie beam. It 
should at once be pointed out that we shall not use this restrietion 
in our reasoning. 

m being a constant in the integration, the last equation of (3) 
can be put in the form: 

ta 
‚o=2[ (2) da + 2 cos 4a lm x C()— 2sintaImx S(l). . (4) 
= 
in this Cl) and S(l) are the following functions of !: 
ta +a 
Cd) = |% (a) eos An la de, S() = |p(e)sin4nliede. . (5) 
—a —a 
Our aim is to determine the function y(m), hence (x). 
According to Forrıer’s'integral theorem we have generally: 


& +% 1 [6 +» 
y(e) — fe aX de [9 ($) cos Sa d5 + fe" ax uf (5) sin Sa dS. (6) 
7 EL 
nr 2 J_ J Ye 
+» 


+a 
In this fr (E) cos &a d& may be replaced by fe (x) cos 4x lxdı, 


since y(a) for -—a>®e>+a is zero. 
+» tee 


Analogously Je ($) sin &ad& can be replaced by | pa) sin An lade, 


—o —@ 
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hence (I). Evidently 4r/ has been taken for «. Now equation 
(6) passes into: 
le) = + [c (2) cos Ar Ile di + + [8 ()sinAänlad .. (7) 
0 0 


Accordingly the funetion «p(®) will be known, when we know (Ü 
and S as funetions of /, hence when we can determine C' and S 
experimentally for every value of /. 

Data to attain this may be derived from “the curve of visibility” 


3 r J max. —Jmin. B 
of Michztson, whose coordinates he definess as V =— ———— {in 
JInar. + Jmin. 


which Jmar. and Jin. represent the intensities in the successive maxima 
and minima of the system of interference fringes). It appears from 
(4) that V is a funetion of C(l) and S(l); when we assume V(!) 
to be suffieiently aceurately known from photometrie observations, 
we have at our disposal a relation between Ü(/) and S(/), but without 
more data we cannot determine these quantities separately. Only 
in & few simple cases which contained a second eondition eoncerning 
(‚(D) or S(l) has MicnzLson derived the form of y(z) from that of V(?). 

The aim of our investigation is to find a means through which 
it is possible to find a second relation between (Cl) and S() in 
any given case, and which therefore enables us to solve (a). 

In equation (4) we can think „J(l) experimentally determined 

+a 
for a given value of /. also | o(x)de can be measured, this is viz. 
—<( 
the intensity that one of the beams causes in the middle of the 
field of vision, when it is not brought to interference with the other. 
In order to determine this quantity we have, therefore, only to cover 
one of the mirrors. Hence equation (4) can be considered as an 
equation with two unknown quantities (' and S, to be taken for 
that value of /! for which J has been measured. 

We shall have to find a second equation between (! and 8 for 
the same value of / to be able to solve both quantities. This 
means will fail, however, when in the second equation (' and S 
appear combined in tle same way as in equation (4), accordingly 

—+a 
when they are again derived from ale p (a) cos 4 !(m -1- x) de, 
—— 
in which a variable parameter is meant by /, which need not have 
the same physical meaning as just now. 
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Prof. ORnsTeın requested me to investigate whether such an equation 
might not be obtained from the distribution of intensity in the 
refraction image in the echelon. The result of tbis investigation is 
that if the intensity formula no matter of what instrument, contains 
C or S, it must always contain both of them. And that in the 
combination in which they already occurred in equation (4), unless 
one makes use of an artifice to be specified later on. Without this 
C and S cannot be solved, and % (x) can, therefore, not be determined. 


We shall first prove that for absolutely monochromatie light the 
intensity is always an even function of the number of waves, when 
we premise that the light in the apparatus propagates normally, 
il. e. that a change of phase is accompanied with a proportional 
variation of path, so that e. g. reflection against a denser medium, 
ınetal and total reflection must be exeluded. 

A point Q, where we measure the intensity, receives its light 
from certain points /P of the instrument, which in their turn are 
again illuminated by the source Z. The points P are in different 
phases, because they receive the light from the source each by 
another way. As we have everywhere assumed the normal propa- 
gation of the light, the differences of phase will exclusively depend 
on differences of paths expressed in numbers of waves, and therefore 


1 = AR 
be proportionate to Zr which the factors of proportionality 


depend on lengths, angles, indices of refraction ete. We shall leave 
dispersion out of consideration, because in the instrument that is 
to be devised later on this will be anyway excluded. Also optically 
the paths, which the light from the points / must still pass over 
before it arrives at the point of observation @, will not be of 
equal length, so that other differences of phase are added to the 
already existing ones, which others on account of the normal propa- 
gation of the light will exclusively rest on differences of path, and 
will therefore be proportional to m, so that ıhe deviations to which 
the points P? finally give rise in @, present mutual differences of 
phase which are proportional to m. When these deviations are 
represented as projections of vectors whose angle with the axis of 
projeetion is equal to the corresponding phase, then the points P, 
over which paths of light run from Z to Q, which are equally 
long in number of waves, give vectors that overlap. 
14 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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These have been joined to one vector in fig. 1. Thas the action 
of every instrument where only normally propagated light is used, 
can be determined in any point Q by the aid ofa vector fan, which 

revolves round O as a whole in the direction of the 

K— > 
A arrow. The intensity of the square will be the result 
2 of the vectors. Suppose that for all the points ?,, P;,, 
P,,..: Pı the phases of their disturbances in Q are 
a) compared with the phase of the disturbance given by 
a point P, the vector of which be AQ,, hence a 
point over which the shortest optical way passes from 
Fig. 1. the source to the point of observation, then 
x AOA, is—=cm, 7 A,OA,=c,m, ete., in which the constants 
C,,c, ete. depend on various lengths, angles, and indices of refraction. 
We shall call the direction of the vector OA, the time-direction 
for the sake of brevity, because it only depends on time; it will 
appear to play a prominent part in our reasoning, and we shall 
henceforth draw it always vertical, and omit the axis of projection. 
We have drawn here a fan whose vertex is small; in reality it will 
probably - contain several times 27. Vectors namely corresponding 
with paths ZQ, which differ a whole number of waves in length, 
will indeed be superposed in the figure, but will not be drawn as 
one vector. This happens only when the paths are optically of 
exactly the same length. Nor need the end points of the vectors 

form a continuous curVve. 

Let us elueidate this by constructing the fan for an echelon. It: 
consists of a few smaller fans, which are arranged in O like spokes 
in a& wheel, and whose number is equal to the number of plates of 
the echelon. Only three of them are drawn in fig. 2. 

All the points P, Iying in a vertical line on the front plane of 
a plate lie optically equally far from the source '), and at the same 
time equally far from Q. Their vectors are therefore united to a 
single vector OA, the length of which is accordingly proportionate 
to the length of the vertical line”). Any given point of the leftband 
side of the first plate can, therefore, be considered as the point 
P, just mentioned. 

The indices at the points P of fig. 3 indicate which vector in 
fig. 2 originates from their vertical line. When the echelon is viewed 
at an angle 9 with the normal, the rays from P, and P, will 


!) The light strikes in the direction d in fig. 3. 
?) In this way it is also possible to find the influence of diaphragms placed before 
the plates, which will later on be made use of. 
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Fig. 3. 


P { x, sin 0 

interfere under a phase difference — 2x. Hence <A,OA, is 
2x, sin O Ant ‚ , 

> er or if in the earlier notation we put this equal to c,, it 


appears that c,is=2r«, sind, hence that it is a constant‘) that 
2x, sin O 


Pe, ur Me — 


depends exelusively on distances; < A,UOA, = 


2b sin G i ö 
— a: when 5 is the width of the glass plates. The other 


fans are congruent with the first, the last ray of a fan always 
forming the same angle «am with the first of the next; < am is 
namely the phase difference due to the difference of two paths of 
light, one going from a point of the righthand edge of a plate to 
Q, and the other from the lefthand edge of the following plate to 
the same point Q. When u and d are the index of refraction and 
the thickness of every plate, then «is —= ud—dcos 6, hence again a 
constant, depending on measures of length and physical constants. 

This constant distinguishes itself from the first, because it 
depends on the wave length in consequence of the appearance of u. 
However u and hence « too, is an even function of m and for this 
reason we may consider « as a constant in the following discussion. 

Let us now return to the general case. 

When the instrument is struck by light of a twice as small 
wavelength, the fan will be drawn out twice as far, all the angles 
with the time-direction being proportional to m. It appears parti- 
cularly clearly with the echelon how in consequence of this the 
resulting vector, and together with this the intensity in the point 
of observation Q@ will change its value. The intensity is, therefore, 
a function of the number of waves m, and in order to prove that 
this is an even function of it, we shall reverse the sign of m. This 


1) j.e. independent of m. 


14* 
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is only a mathematical artifice, t0 which no physical meaning must 
be assigned. Points ?,, which in their movement were first c,m 
behind compared with P,, and whose vector lay, therefore, at an 
angle c,m on the righthand side of the time direction, will now be 
as it were c,m in advance of ,, and give a vector which again 
forms an angle c,m with the time direetion, but now lies on the 
lefthand side of it. The angle between every vector and the time- 
direction being proportional to m, all the vectors will reflect in this 
direetion, and the form of the fan, and with it the resultant, hence 
the intensity, will remain unchanged. Hence for any instrument in 
which light propagates normally, the intensity will be an even 
function of the number of waves. In this absolutely monochromatie light 
is supposed, because for compound light the intensity is no function 
of the number of waves on account of the integration with respect 
to m between definite limits. 


3. 


Now we shall, however, also admit reflections against a denser 
medium in the instrument. In this the phase shifts suddenly x; 
such an abrupt change of phase we shall call a phase shifting. Let 
us suppose that some points P’ of the instrument are illuminated by 
rays which have undergone such a refleetion an uneven number of 
times’ Their vectors now no longer make the angle c’m, but the 
angle c’'m + x with the time-direction. Before P, gave a vector by 
the aid of whose direction the time-direetion was defined. When, 
however, the point P, belongs also to the points P’, its veetor 
will also turn over an angle x, hence obtain the opposite direction 
from what it had before. As the other group of points of the 
apparatus continues to receive normally propagated light, their vectors 
continue to form the angles cm with P’s former vector. 

When we now define the time-direction anew, and do so as the 
direction of the vector originating from that point P, of the apparatus 
through which the shortest optical way passes from the source of 
light Z to the point of observation Q, quite apart from all possible 
phase shiftings, the time-direction will always be the constant direction 
in the following considerations, with respect to which we determine 
Ihe position of the vectors. We shall again think it to be always 
directed vertically upward. A reasoning based on this time-direction 
will therefore hold both for the case that this point , receives light 
that has changed its phase, and for the case that normally propagated 
light falls on it. We shall let the constants c keep their value, because 
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they only depend on distances; however cm need not be any longer 
the difference of phase of the interfering rays, this may have 
become cm + x. 

After these extensive considerations, which as will appear later 
on, go to the core of the method, we proceed to the construction 
of the fan in the point Qin the case of two groups of points Pand P'. 

A point P, and a point ?,’ give vectors which form respectively 
the angles c,m and c’,m-+x with the time-direction. When we 
now reverse the sign of m, the first group of vectors will again be 
reflected in the time-direction ; a vector from the second will, however, 
form the angle m—c’,m instead of theangler + c,’m with the time- 
direction, and would, therefore, be evidently reflected in the pro- 
duction of the time-direction. Ultimately all the vectors will, therefore, 
again be reflected in the same line, through which the form of the 
fan will remain unchanged, hence the value of the intensity will 
remain the same, which latter is, therefore, again an even function 
of m. The thesis may, therefore, be extended as follows. 

In every instrument, in which the light can only undergo phase- 
shiftings of a whole number of times x, the intensity is an even 
function of the number of waves when absolutely monochromatie 
light is used. 

Tbe light fulfils these conditions naturally in all apparatus of 
refraction, also generally in those which are founded on interference. 
As will appear later on, through the suitable occurrence of phase 
shiftings among others in reflections against metal mirrors the 
intensity can also sometimes become a not-even function of the 
number of waves. 


4. 


Let us now consider the case of a beam continuously composed 
of some frequencies. Suppose it to be possible to draw up a second 
equation between / and s for a given parameter / by the aid of 
one of the current apparatus, where we shall suppose a favourable 
action of the phase shifting to be absent in the metal reflections, 
which is actually the case with most, if not with all instruments 
in general use. We can now easily show that the two quantities C 
and S must oceur in the same combination as in equation (4). For 

ta 
if the new equation contains e.g. (, ie. [7 (2) cos 4 x lv de, it would 


4a 
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contain Jcos4r Ix for absolutely monochromatic light, for which 
can also be written J cos 4 al (m—m). But for single lightthe intensity 


must be an even function- in m, as we saw; hence J cos 4 Im —m) 
can only occur in that combination which reduces it to 
Jcos4n Im, which is even in m, i.e. it can only be mel with in 
forms like: 


cos Ar Im J c0s An I (m— m) — sin Arc Im J sin Ann 1 (m—m) or 


cos Arı Im J cos An In — sind4nim I sinAnlae. .» 2... 


To extend reversely the formula of intensity for single light to 
that for compound light we must substitute p (x) dz for J in the 
former, and then integrate with respect to «. The grouping (8) then 


passes into cos4x Im O— sin4 x Im S, exactly that of equation (4). 
The preceding has therefore proved that none of these instruments 
can yield a second equation between (/ and 5 which is independent 
of equation (4). CÜ and S can, therefore, not be separated froın 
their combination, it seems, therefore, that p (x) cannot be solved. ‘) 


5. 


It is now obvious that the first thing to do isto examine whether 
the function (2) can perhaps be determined, if the light in some 
instrument or other can undergo a phase shifting «, which differs 
from >», it being of no consequence whether it is caused by metal 
reflections or other phenomena. Suppose that part of these points P, 
now marked by double or triple accents, receives such light. The 
angles of the corresponding vectors with the time direction would 
have to be c,"m, c,'"'m..., c,"'m, C, m...., if the light travelled in the 
same directions, but everywhere in a normal way; now they are, 
therefore, C'm + «or c"m-+a-+-x, according as on the point P" 


!) In passing we may remark that © and S do not occur combined in another 
way in the formula of intensity that determines the distribution of intensity for 
the echelon over the whole focal plane of the telescope. This depends for the different 
points on a parameter, which we might call 2’. I have proved by a computation 
which is left out here that this function of 2’ satisfies a differential equation ofthe 
second order, in which only combinations of ( and S of the kind as in equation 
(4), to be taken for some values of Z in connection with 2’, oceur as coefhcients. 
Thus the dependence between the intensities in the image of reflection of the 
echelon and that in the image of interference in MICHELSoN’s interferometer had 
been proved purely analytically. Though the formula of intensity for the echelon 
could, be greatly modified by the supposition that diaphragms of a particular shape 
were placed before the glass plates, such a differential equation ofthe second order 
remained of force all the same, and so the dependence continued to exist. 
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or P'" under consideration light falls that has undergone besides 
the phase shifting « resp. an even (among which zero) or an uneven 
number of reflections against denser media. Hence we have to deal 
here with four groups of points, the elassification of which will be 
clear from the foregoing. When out of each of these groups one 
point is considered, resp. P, P', P", P"', their vectors make the 
angles cm, cm + n,c"m + a,c"m-+a-+ nr with the time-direction. 
The phase shifting is taken to be positive if it is a shifting back, 
and negative in the opposite case. When m is now made to change 
its sign, these vectors are now respectively reflected in the time- 
direction Z£, the direction © forming an angle x with the former, the 
direction a forming an angle « with the time-direction, and that 
which forms an angle «@—+r with the time-direction, being a’ in 
fig. 4. Accordingly the vectors can be divided into two groups, one 
of which is reflected in the line Zf, the other in a line aa’ forming 
an angle «. As we have put a=z, the fan will now probably also 
be transformed, and the intensity will no longer remain the same. 
This is therefore no even function now of the number of waves. 
In such an instrument C and S will accordingly 
certainly not appear in the formula of intensity in 
the way of equation (4), which can again be proved 
via the intensity holding for single light. Now the 
separation of C and S is therefore no longer fun- 
damentally impossible, hence we are on tlıe right 
track to determine the function (x). It is finally 
noteworthy, that a phase shifting in the part LP. 
of the light path ZPQ will give the same effect as 
one directed in the same way and of the same extent in the part 
PQ, which remark will appear to be of importance for the inter- 
ferometer of MıcHz1son. In what precedes it has been supposed that 
the phase shifting « preserved its value and sign in the reversal of 
sign of m, it must accordingly be a constant or an even function 
of m. Only an instrument in which it is a constant, i.e. independent 
of m, will be of practical use to us. Our purpose is namely to 
examine beams of the most 'divergent constitution, and it would be 
impracticable to have to take a different phase shifting into account 
for every kind of light. For this reason we shall e.g. not be able 
to make use of metal refleetions. On the other hand it will hardly 
be possible to do without them, for in almost all interferometers 
there occur silvered glass-plates or metal mirrors. ThisTdiffieulty is, 
however, not so serious as it seems. When each of the four mono- 
chromatic beams that illuminated the groups of points P, P', P", P" 


Fig. 4. 
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of just now, and which had already undergone tlıe phase shifting 
discussed then, is besides subjected to a metal reflection, which canı 
take place for all four of them in exactly the same way, this will 
mean for each of the beams a same phase shifting p. This latter 
does not deform the fan, as it revolves as a whole over an angle ß, 
since all the points P have partieipated in the new change of phase. 
For some four beams of other frequency the fan will indeed be 
rotated through another angle ?', but fans drawn up for different 
frequencies, must yet not be composed vectorially, because two 
different kinds of light can never interfere. Hence also when com- 
pound light falls on the apparatus, metal reflections will have no 
influence on the intensity, if each of the beams undergo them an 
equal number of times in the identical way; this latter peculiarity 
is always met with in the current interferometers for reasons of a 
practical nature. The same thing applies for the phase-shiftings 
which take place with total reflections. 


6. 


We must, therefore, devise an instrument in which first of all 
the condition of identical metal reflections and of identical 
total reflections is fulfilled, but that besides has the property to be 
illuminated for one half by rays which apart from metal and total 
reflections, have undergone none or only phase shiftings of x, and 
to be illuminated for the other half by rays which apart from metal 
and total reflections, have been besides subjected to an extra 
phase shifting «, which differs from =, and must be independent of 
the number of waves; the rays of the first and of the second kind 
must besides be coherent in order to be able to interfere. 

When we now put the question what constant phase-shiftings we 
have now at our disposal, we come to the following answer: 

1. a phase-shifting of m in case of reflections against a denser 
medium; 

2. a phase-shifting of m, when a beam of light is narrowed to pass 
through a focus '); 


. * BL 
3. & phase-shifting 3 forward, when a beam must pass through 


a focal line '). 

The last two shiftings take place respectively in the focus and 
in the focal line; the latter alone differs from , and this is the 
only one we can therefore use for our purpose. We shall, therefore, 


') Gouy, Ann. de Chimie et de Physique (6), 24. 1891. 
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make use of two cylinder lenses, whose focal lines coineide; in fig. 
5 they are thought with the descriptive lines normal to the plane 
of the drawing, and we shall assume this position in all the follow- 
ing figures. Lines thought above or in the plane of the drawing 
will be drawn in full, whereas lines that are supposed below it, 
will be dotted. Rays recurring on the upper side parallel to the 
plane of drawing (e.g. a), can never be brought to the lower side 
by the cylinder lenses, because 
the lenses have no refractive power 
in the direction of their descriptive 
lines. Analogously for rays 5 under 

Fig... and parallel to the plane of the 
drawing. The cylinder lenses will have to be of such a quality that 
they do not disturb the phenomenon of interference. 

It is not possible to place this set of cylinder lenses without any 
modification into one of the arms of the MicHzLsox interferometer, 
because the light then passes twice through the system and the 
S resulting phase-shifting becomes 
again x. Compare fig. 6, in which 
the immovable and the movable 
mirror are the two halves of the 
instrument consisting resp. of the 
points P" and P; the system of 
lenses now lies as well on the 
path ZP" as on the path P"Q, 
and we saw that phase shiftings 
| are equivalent in the two parts of 
Q the light path, when their direction 

Fig. 6. is the same, e.g. when both are 
direeted forward as here, which causes them to join to x. For our 
purpose the inferometer of MıcuzLson must, therefore, be modified. 
Fig. 7 indicates how this can be done. 

The mirrors of MıcHeLson’s interferometer have been replaced by 
totally reflecting prisms, through which the advantage is attained 
that the light goes only once through the lenses. As the two beams 
undergo preeisely the same total reflections, we need not take into 
account the phase-shiftings appearing in this. When a ray which 
has originated from a ray originating from the slit S on its reflect- 
ion on the silvered glass plate through reflection or transmission is 
resp. provided with the index r or d, the figure shows how the 
refleeted component 1r of the ray 1 leaves the apparatus iinmediately 
by the side of the transmitted component 2d of another ray 2, 
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when the rays 1 and 2 from the points A and B lie in the same 
horizontal plane, and SA and SB make equal angles with the radius 
SC, which passes through the optical centres. The rays 1 and 2 
being coherent, the components 1r and 2d e.g. can interfere with 
each other. The leaving rays can therefore interfere in pairs, and 
as the rays which form such a pair, run immediately by the side 
of each other, a sharp interference image will be formed in the 
focal plane of the obiective. Now tbis is not looked at, as usual, 
with the ocular as magnifying glass, but the ocular must form a 
real enlarged image of it, which falls outside the telescope, and of 
which only the central part will be used by us. All the light that 
has entered the prisms at right angles, will be focussed in one 
point Q.. 

In order to calculate the intensity in the point Q’, it is convenient 
to introduce a reference plane At, determined by the following 
equations: 


ED=CO+4PV , FG=HJ+4IM.....0 


which quantities refer to geometrical lengths, and not to optical 
lengths. 

Also the two following remarks will greatly facilitate the calcu- 
lation of the phase-difference between the interfering beams. 

1. Let the distance from the front plane to the opposite side be 
p for the immovable prism, and equal to q for the movable prism ; 
then every ray that strikes the front plane at right angles vertically, 
covers a path in the prism of the length 2p or 2g, according as 
this takes place in the immovable or in the movable prism. 

2. The system of lenses makes a plane wave again to a plane 
wave, so that in fig. 5 the optical distance from A to A’ is equal 
to that from CU to (”. Accordingly in fig. 7 the system of lenses 
will retard the light as much as a glass plate of the thickness 2d, 
when the thickness of every lens in the middle amounts to d. Besides 


this retardation the system of lenses causes the phase-shifting = 
2 


forward, which on the other hand means an acceleration. In order 
to get from C’ over the immovable prism to U, the light must pass 
three times through the glass plate, hence cover a path 3 din glass, 
and further the paths of the following lengths in the following media: 
DE in air, %p in glass, (FG—-2d) in air, and 2d in glass. 

The light that reaches the point U from ( across the movable 
prism, must also pass three times through a glass plate, hence it 
must again cover a distance 3d in glass, and further the following 
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distances in the adjoined media: (CO PV) in air, VTinair, 2g 
in glass, NM in air, (ML + JH) in air. When the first path is 
compared with this last, use being made of equation (9), the path 
in the second (the prolongable) arm of the interferometer proves to 


Fig. 7. 


be up) +2 VT+ Yd (d—u) longer than that of the first. When 


ER Fr 
we now also take into account the phase-shifting > forward when 
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the focal line is passed, (the path is seemingly shortened by this) the 
phase-difference of the interfering rays at U becomes: 


7 } a 
4 VT+4r ing p—)+d+ 2, 4al’m-+ 5° 


when we put: 


u@——-d)+d=r. . . .'... (10) 
and: 
VIII me WE a 


This phase-differencee also exists between the rays 1r and 2d, 
which follows from the figure and from the foregoing remarks. 

In analogy with equation (3) the intensity for compound light 
now becomes: 


my m, 


DL) 2 [1 (m) dm + 2 fi (m) cos (4 Im + =) dm or 


Mg ma 
mı my 
UN — 2 [x (m) dm — fr (m)sindanlmdm or... . (12) 
2 Mg 
ta 


ar 2 (v (x) de — 2 sin 4a Im Cl!) —2c0os4rlmS(l) . (13) 


> @ 


C and S no longer occur in the combination of equation (4). 
This is owing to the eylinder lenses. J’ will henceforth be tbe inten- 
sity measured in Q, hence with the modified interferometer, J 
that with tbe unmodified interferometer. A similar difference will 
also be made between / and /’: / refers to the original interfero- 
meter, and is the distance from the shiftable mirror to the reference 
plane; /’ is the quantity that characterizes the position of the movable 
prism in the new interferometer, and: controls the intensity. In order 
to caleulate C' and S for a given value /, from equations (4) and 
(13), we should have to place the mirror in one interferometer, the 
prism in the other in such a way that the quantities / and /’ both 
acquire the value /,. This would be practically unfeasible, when one 
worked with the two interferometers separately. We shall, therefore, 
try to combine them to one instrument, in which the quantities /and 
!’ both occur, and are therefore equal. This seems to me practically 
no more feasible than the adjustment of the two interferometers to 
one and the same value /, of the parameters. I have, however, 
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succeeded by the application of another slight change in the inter- 
ferometer in designing a combination of the interferometers, in which 
the quantities / and Z' always differ a same amount, which can be 
accurately measured. We shall further point out the way to determine 
this difference, and then demonstrate that the fact that this difference is 
constant enables us to work just as easily with this instrument and 
to reach just as much with it as would be the case with the ideal 
combination of the interferometers. 

From the. modified interferometer we should, namely, immediately 
get back the original one, when the front planes of the prisms were 
silvered. Accordingly the two instruments can be joined to one by 
leaving the upper halves of the front planes of the prisms trans- 
parent, and by silvering the lower halves. Let the line of division 
between the two halves lie in the plane of the drawing, then the 
rays that run above this plane, and have, therefore, been drawn in 
full, are totally reflected and are joined in a point Q, when they 
struck the prisms at right angles. Rays running under the plane of 
the drawing, and which have therefore been indicated dotted, will 
be reflected by the silvered lower halves, and collected by another 
eyepiece Ä into another point Q, when they too strike the prisms 
at right angles. Strietly speaking we have here placed the two inter- 
ferometers on top of each other, which was possible owing to the 
property of the cylinder lenses of never bringing a ray that runs 
above the plane of the drawing and parallel to it, under it. Rays 
that interseet the plane of the drawing could, indeed, pass from one 
instrument into the other, but these are not joined in the points Q 
or @, and it will appear, that we have to measure the intensity 
only in these points. Moreover the front plane of every prism can 
be divided into three regions, the top one transparent, the middle 
one absorbing, and the bottom one silvered, through which, as it 
were, a Space arises between the two interferometers, depending on 
the height of the middle region. The upmost and the downmost 
regions must remain large, as all the ineident light that strikes at 
right angles is concentrated in the points Q and Q’, and we want 
to have a strongly pronounced gradient of intensity in these points, 
when presently the movable prism is shifted. 

We saw already that the intensity in the point Q’ was determined 
by equations (12) and (13). The intensity in the point Q is repre- 
sented by equation (4), in which / was the distance from the movable 
mirror to the plane of reference, and for which, therefore, VT of 
fig. 7 must be taken. We shall, therefore, call the length of va, 
Summarising we find in @’ and Q resp. the intensities 
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am my 


El) = 2 [i (mn) im-2 [1 (m) sin Ar I!m dm 


Mg mag 


mı my ’ r (14) 
= 2 [nm am+2 [1 (m) cos An Im dm 


mg Ma 
in which "= !+v when v = ulg—p—d)+d 


A diaphragm with two fine apertures at the place of the points 
Q and Q’ casts two beams of light of the above mentioned intensity 
on a photographic plate. When the movable prism is slowly shifted, the 
intensities of these beams change on account of the change in the para- 
meters / and /’ in (14). The difference. ’—! remains, however, 
constant, namely equal to v, which quantity is an instrument con- 
stant, as appears from (10), if u does not appear in it. For that the 
prisms must be made of different size and so, that g=p+ er! 
small error in their size once for all can be neutralised by turning 
the plate PZ over a small angle. Now » becomes —=d, hence an 
instrument constant. When the photographie plate is shifted over 
large distances and in its own plane with a slight movement ot 
the prism through coupling, and when care is taken that the shifting 
of the plate is always proportional to that of the prism, and further 
that the shifting of the prism always takes place with uniform 
velocity '), the two beams will leave behind two bands on the 
photographie plate, where the blackening is different point for point, 
and which, when they are afterwards measured photometrically 
with the photometer and thermopile of Dr. Mout, yield two curves, 
which will be of great importance for the determination of the 
desired function p(«). 

We shall call the curves that arise when the bands are measured, 
Zcel) or Z'(el’), ‘according as their ordinates represent the course 
of the blackening in the lower or the upper band, which is, therefore, 


i . 1 
made in Q or in Q'. When „ denotes the ratio of the shifting of the 


prism, and the corresponding displacement of the photographie plate, 
and when in the upper band that point is assumed as zero point 
N that was placed in Q when the prism passed through the position 
!=0, then light, the intensity of which corresponds to the position 
! of the prism, and is therefore indicated by equation (4), will have 
fallen on that band in a point whose abseissa amounts to c/ measured 


!) In order to keep the time of exposure the same for every position ofthe prism. 
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from the zero point. The blackening is proportional to this; hence 


when / is a factor of proportionality, the following equation will 
hold for the lower band: 


Zehn. TE ER 
Analogously ne ee) 
Due n202....(6 
for the upper band when’on it that point is chosen as zero point 
N’ that was in Q’ when the prism passed through the position 
!=0, hence when = — d according to (14). 
Now equation (14) passes into: 


my m, 


S2@=2 [nam +2 [x (m) cos An Imdm . . . (17) 


Mg Mg 
m m, 


FZ id) = JE (m) dm 2 |» (m) sn4nlmdm . . . (18) 


Ma Mg 
The functions fZ and fZ' oscillate round the same constant value: 


my 
2 (und, when / and /' are increased; they will asymptotically 


Mg 
m m 
. 


approach this value, for | 4(m) cos 4a Imdm and f (m) sın 4x U’mdm 
Ma Mg 
become zero for large values of / and /' on account of the continual 
reversal of the sign of the cosinus and the sinus, even when we 
have only to integrate over a small interval with respect to m. 
According to equation (17) the ordinate Z will reach the greatest 
maximum for /=0. This can be sharply determined from the course 
of the Z curve, when we have to do with multichromatie light. 
The bottom of this ordinate is the .zero point N. This operation is 
equivalent to the adjustment at the white point in the interferometer 
of Micuerson, when white light is used, and when we want to make 
the movable mirror coincide with the plane of reference. The adjust- 
ment can of course much more accurately be effected graphically 


than visually. 
m 


Assf Zuan = al (m)dm, it follows from equations (17) and (18) that: 


Mg 
m 


2 [1.(m) con ar Im dm = SZ (0) 3 SZman re lid) 


Tig 
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m 
2 | (m) sin Ar Im dm = — FZ' (ed) + 3 fZmar. » + (20) 
Mg 
In this Zar is the measured ordinate of the highest point of the 
Z-eurve; the bottom point of this ordinate was the zero-point N, 
from which c/ must therefore be measured along the axis of abseissae 
of the Zeurve. When a line is drawn parallel this axis and at a 
distance 4 Zar from it, parts will remain of the ordinates the 
length of which will again be a function of c/, which funetion we 
shall call I (el). 
According to (19) and (20) we now have: 


m 


I (el) = Z (el) — } Zmaz. = af (m) cos 4r Imdm . . (21) 

f Mg 
When the same line is drawn through the Z’ curve, the remain- 
ing parts of the ordinates will represent a function II (c/’) so that: 


) 3 
II (d) = Z’(d) — 4 Zuaı. = — il (m) sin 4x I'm dm. . (22) 


The zero point N’ on the axis of abscissae of the Z’ curve may 
be determined on the following consideration. The function II (el') 
is zero for {'—=0, but has several zero points, so that it is not yet 
known which of them is to be taken as N '; it appears, however, 
from equation (22) that the function is uneven in /'. When, therefore, 
of the function II we determine the zero point with respect to which 
the other zero points lie symmetrically, we have found the point 
c"—=0, hence the zero point N' on the axis of abseissae. This is 
the zero point, from which cl’ must be measured on the axis of 
the Z’-eurve. Especially for multichromatie light this symmetry will 
be very apparent. The reasoning involves that observations must 
have been made also for negative values of /', i.e. that we must 
start with putting the movable prism somewhat nearer than would 
correspond with /=0, hence with = — d. When we, therefore, 
begin witb placing the prism at a distance greater than d before 
the plane of reference /, and moving it from there with uniform 
velocity, we begin with a negative value both of / and of /!', so 
that the initial points of the bands have negative abscissae. 

We may cursorily remark that the quantity v—= dcan be accurately 
determined from the situation of the zero points N and N’. 

The photographie plate was namely every moment struck by two 
beams of ligbt, the intensities of which depended on two parameters 
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! and 7, the difference of these parameters, if they refer to the 
same moment, being constant, viz.— d. For points of the Zand Z, 
curves, which have thus simultaneously arisen, the two abseissae 
cl and cl’ will, therefore, always differ by the same amount, viz. ed. 
The initial points of the curves are such points that have arisen 
Simultaneously '); we have, therefore, only to measure their abseissae 
taken to the found zero points on the axes, and to take the diffe- 
rence between them to find cd. 

When in the graphically found functions I and II we choose the 
variables equal, i.e. wben we measure equal portions cl and cl’ 
on the axes from the points N and N' (hence independently of 
the earlier meaning of / and /'), we find from equations (21) and (22): 


my 
” 


2 (nm) cos 4 2 Im dm = J1 (a) er > Pu: BES) 


Mg 
m 


2 |x (m) sın dr Imdnm = — fIld) . .». . . (24) 
At first our intention was to solve C(l) and S(!) from equations 
(4) and (13), and substitute them in (7). This would come to the 
same thing as the introduction of C’(l) and S(D) into equations (23) 
and (24), in order to determine them from this, and substitute them 
in equation (7). The same result, the formula for (a), can be 
reached more quickly by the consideration that according to FOURIER’S 
integral theorem 


0) +» 1 .) +» 
1 : 2 ie 
p(x) = (m) —ıE am uf (£) cos Sa dSE+ f am def (£) sin Sa da. 
0 9,6) 0 —o 


When we now choose m for &, and put «—=4n/, and when we 
besides consider that y(m)=0 for m, <m<m,, the equation 
reduces to: 


& mı © m 
y(m) = [im An Im fun) cos 4 Im dm {- fan 4n Im af (m) sin 4 Im dm. 
0 mg 0 Mg 
Making use of equations (23) and (24), we may replace these by: 
im) = 2r| 1 (el) cos 4rr Im di — y jr (cl) sin Ar Im dl. 
0 0 


As we only try to find the shape of the curve %, we may put 


I) The light may also be suddenly intercepted for a moment. 


15 
Proceedings Royal Acad. Amsterdam. Vol. XXIl. 
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2/=1, in consequence of which the following equation is left: 


© 


Ne je 508 Kur Im dh N LT (ch) sun An 
0 


In this /(el) and // (el) are registered functions, which are zero 
for great values of / according to equations (21) and (22). When 
we wish to examine the finer structure of practically monochromatic 
light, the Z and Z’ curves for white light must first be determined. 
The distance of the zero points N and N’ to the’ initial points of 
the curves follows namely sharply from this. The prism ie now 
again put in the same place as before at the beginning of the 
measurement‘), and in another photographie plate the Z and Z' 
eurves for less compound light are now registered; now the zero 
points N and N' lie at the same distances from the initial points 
as before; without the previous measurements they would, however, 
hardly have been recognizable; for absolutely moenochromatie light 
there would even have been no difference to be detected at all 
between the maxima or between the zero points. 

The white light, however, has as it were, gauged the photographie 
plate. A procedure as described above is rendered possible through 
the fact that the zero points are known, even for the most strietly 
monochromatie light, and it enables us here too at least to closely 
approximate the required function y(m). In practice this approximation 
cannot be carried to an extreme, because at too great differences 
of path the beams of light become incoherent on account of the 
irregular vibration of the source of light, a drawback that will 
adhere to every method that rests on interference. 

This limit for the dissolving power of an interferential spectros- 
cope, can of course not be exceeded here either. But all the data, 
with which interferenee phenomena can furnish us about the com- 
position of apparently monochromatie light are used mathematically 
in the-simplest way according to the method discussed, and lead 
(o the drawing up of a function, ‘which resembles the required 
distribution of energy Y(2) most elosely °). 

MicHerson first works up his data to a curve of visibility U, and 
eoncludes from this to the value of (©? + 5°, but has now to assumme 
S=0, i.e. a symmetrical distribution of energy in order to be able 


!) In this use can eg. be made of the distinet movement of the photographie plate. 
?) To make {he approximation still eloser, we should have to make the source 


of light vibrate more regularly, or possess an entirely different instrument, which 
does not rest on interference. 
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to advance. He then‘) gets C(D)= P%x Vi), and will therefore 
find from (7): 


©. 


p(a) = ‚r (v (l) cos 4 Ix dl 
0 
a (26) 
in which en f p (a) de is therefore a constant. 


a 

We need not make this hypothesis; and it is exactly in this that 
the great significance of the method lies. When in spite of this we 
do submit to this restrietion, we shall find that the eurves I and II 
become dependent on each other. According to equation (23) and 
(24) we have namely: 


2 cos 4n Im C ()—- 2 sin An ImS (d.=,f1(e) 
2 sin Ar Im C (l) + 2 cos 4 Im S()—= — fIL(c) 
so that S=0 would lead to: 
— II(ed) — tg4r Im X I(d)’) 
Further the quantity 7’ was a quantity that was not easy to 
estimate, and could, strietly speaking, only be determined from 
photometrical observations; it appears from its intricate definition 


er —J min: 


= that it is not continuous, and acceordingly can never 
i et en 


be registered, but must be determined point for point. Equation (26), 
which is based on Micnersonv’s visibility ceurve, holds therefore ouly 
for a symmetrical distribution of the energy and is not quite exact 
even in this case, while the V-curve is difficult to obtain, and then 
only very faint. - 

Summing up we come to the conclusion-that in the discussed 
arrangement we have found a means to read the distribution of 
energy, both over a narrow and over an extensive spectral region 


1) After neglecting some terms mentioned in footnote 2. 
3) Substituting this in equation (25), we should have expressed © (x) only by 


the aid of the curve /, and in this special case the cylinder lenses seem not to 


have been required; but in order to know m we must know II at least for one 
value of cl; hence the use of the cylinder lenses is inevitable even in this simple 
case, when we wish to work mathematically exactly. For the determination of 
Jmax — Jmin MicHkLson has considered C(l) and S(l) as constants in the 
differentiation with respect to /; besides for S=0 we find ((l)= PX Vi) only 
for those values of / that satisfy S(l) = — ig ir ImxX.0O(l), hence for an infinite 
number of values of l, but not for a continuously infinite number, which would, 


however, be required by mathematics if equation (26) is to follow from equation (7). 
15* 
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from two curves that can be registered, it making no difference 
whether the distribution of energy is a symmetrical or an asym- 
metrical funetion; in the former case the registered curves are 
mutually dependent, in the latter case they are independent. 

It is noteworthy that the metal refleetions in the instrument of 
fig. 7 are not identical. The r-component has been reflected against 
the silver layer at an angle of 45° in air, and the d-component at 
a smaller angle in glass. Probably the phase-shiftings occurring here 
will be the same; otherwise Mıcnersox could not have drawn up 
equation = If this supposition should be incorrect, fig. 8 represents 
an arrangement in which this evil has 
been -remedied; the silver layers at Zand 
Z are now only struck at an angle of 
45°. Now the front planes of the prisıns 
must be transparent both at the top and 
at the bottom, and the eylinder lenses 
must be above the plane of the drawing. 
The silvering in Z (fig. 8) and in C 
(fig. 7) must be such that the intensities 
of the light of the beams entering the 
telescope are equal, in spite of the fact that one has undergone 
reflections in the lenses. The intensities also can be kept equal by the 
aid of a glass plate @'). When the intensities of the beams in the 
modified interferometer differ from that in the original one, one of 
the terms in equation (25) must be provided with a factor of pro- 
portionality, which is only to be determined experimentally. 

We have serupulously taken care that the interfering beams did 
not get a relative phase shifting with respeet to each other in con- 
sequence of unequal metallic or total reflections, so that the phase 
shifting, wbich one beam obtains in advance of the other, has only 


z 


Fig. 8. 


been obtained in the focal line of the eylinder lenses Rn large), 


and does, therefore, not depend on the wavelength. This renders 
the instrument eflicacious for all possible sources of light and for 
spectrum regions of any given extent, supposing the lenses to be 
made achromatic °). The result of the method, expressed in equation 
(25), is therefore perfectly exact for all possible speetrum regions 


!) With such a plate in the arrangement of fig. 7 we must make p=Q. 
%) That the photographie plate Q Q’ in fig. 7 may be adjusted once for all. A 


possible dispersion would not have influence ‚on the constant phase shifting 5 either. 
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and distributions of energy, if the phase-shifting = is only brought 


about by means of eylinder lenses. 
When an approximative method will do for the purpose, a method 
that is only exact for a practically monochromatic beam of one 


. “ -_ .r» IT . 
definite frequency, the phase shifting , can, indeed, be attained 


without cylinder lenses, viz. by the aid of an oblique-angled paral- 

lelepiped in which the light is totally 

reflected. We can now work with the 

unmodified interferometer of MicHEIsoN 

(we have only to put the parallelepiped in 

one of the arms, and one of right angles 

—ı— - in the other, if we make the paths in 

glass of the same length; fig. 9), but now 

ae we must work with light that has been 

previously polarised either in the plane of drawing or normal 

to it. For sodium light e.g., the direction of vibration of 

which is normal to the plane of the drawing, we must have 

< go = 51°20’21"; then the four phase-shiftings together amount to 

37 

2 

that the same parallelepiped could not be used for neighbouring 

spectrum lines too. After some calceulations we find namely cos 2p = 

+ (n?’—1) cos 677° —1 
n® 

Dr. Zernıke has pointed out another method, in which the phase- 


). However % does not so greatly depend on the wavelength, 


in which n is the index of refraction. 


3 


PL 7 . . 
shifting keeps its value z only for one narrow spectrum region, just 


as this was the case with the totally reflecting parallelepiped : If 
we turn the compensator in the interferometer of MichrLsoNn over a 
small angle and if we place at the same time the movable mirror 
a little nearer, then in the one arm light has to cover a path in 
glass, which is d longer, but in air a path, that is d’ shorter than 
in the other arm. 

If we choose d and d’ so, that they satisfy ud —d = —4+A(l), 
even when we vary A '(however only over a narrow region) the 


nr 
phase difference of the interfering beams will be z + 4r Im, when 


u) For 5 the parallelepiped would assume an impracticable form; index of 


refraction = 1,5153 for light crownglass. 
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l! is the distance over which the movable mirror has been displaced 
from out its new position. We find d for one definite wavelength 


d 
out ort Xd=—tord x(- 2%) — Rand then d’ out of (1). 


Perhaps we can replace the unmovable mirror in the interfero- 
meter of MıcneıLson by a concave one '). 

In eonelusion I wish to express my cordial thanks to Prof. 
Oansteın and Prof. JuLius for their suggestions and the interest shown 
in this research. The research which Prof. Ornsteis-originally asked 
me to undertake, was the first step on the road by which I have 
ultimately succeeded in finding the expedient which was to prove 
able to solve the problem theoretically in a perfectly satisfactory way. 

I have followed the logical train of reasoning which has led to 
this, also in this communication, because through the considerations on 
the four groups of points P, P’, P", P" it could then be naturally 
proved as second thesis that the required distribution of energy 
cannot be determined by any of the current instruments, in whatever 
way the observations made by them should be.combined. The phase- 
shifting, independent of the wavelength and differing from x, was 
accordingly not only a possible, but also a necessary expedient to 
accomplish the task we had set ourselves. 


Utrecht, May 1919. Institute for Theoretical Physics. 


1) Gouy, Ann. de Chimie et de Physique (6) 24, pag. 198, 1891. 


Geology. — “Some new sedimentary boulders collected at Groningen”. 
By Dr. P. -Kavızınga. (Communicated by Prof. G. A. F. 
MOoLENGRAAFF). 


(Communicated in the meeting of May 31, 1919.) 


Some ten years ago a favourable opportunity offered for collecting 
sedimentary boulders at Groningen, where in three different spots 
at the northern extremity of the Hondsrug and in the neighbourhood 
of the northern cemetery, which has already become known as a 
findingplace of erratics, important excavations were performed. First 
when the foundation was laid for the new tram-shed, and shortly 
after when new streets were being made, viz. the Tuinbouwstraat 
and the Koolstraat. 

When trenches were dug for sewer-pipes, the Dilivium was not 
reached at the point, where the Tuinbouwstraat joins on to the 
Nieuwe Ebbingestraat. The presence of sherds of pottery at a depth 
of more than 1 m., however, made us suspect that the upper soil 
had been turned over or earthed-up. A little higher up in the Tuin- 
bouwstraat the Dilivium emerged, ‚and gradually rose to the surface, 
until about halfway it was seen half a meter above the present 
level of the street and was covered only by a thin layer of mould. 
Subsequently it first sank again below the street-level, after which 
it rose once more to the height just mentioned. Afterwards, on the 
occasion of the excursion made in 1913 by the Geol. Section of the 
Geol. Mijnbouwkundig Genootschap (28 p. 83), it was encountered 
again in the first part of the Verlengde Tuinbouwstraat, also covered 
with a layer of mould. 

In the three localities just mentioned boulder-clay was found, 
which is caleareous but already oxidized. Besides this a number of 
bands of gravel were to be observed. | 

Among the large number of boulders, found by me during these 
excavations, there were several interesting speeimens. Of the species 
rarely found near Groningen I mentioned already (30 p. 231) the 
Upper-Silurian limestone with Pristiograptus frequens Jaek. and the 
Saltholms-limestone (also the glauconitie variety, the so-called Glau- 
eonitie Terebratula-rock) from the Danian. 

In the following pages I purpose to discuss three more Silurian 
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boulders, hitherto unknown in our country, the last two not having 
been met with in any other country as yet. 


Limestone with Strophomena Jentzschi Gag. 


Among the erratics found when üthe new tram-shed was being 
built, there was i.a. a plate-shaped piece of rock about 2 c.m. in 
thiekness and 1 d,m. in length and in breadth, in which oceur a 
large number of dorsal valves of a typical Strophomena. Of other 
fossils‘ this boulder appeared to contain only a longitudinal section 
of a Pleurotomaria and a small pygidinm of Asaphus ranıceps Dalm. 
so that from this it is obvious that it belongs to the Lower Silurian. 

The rock is a fine-grained, rather hard limestone, with scattered 
small rounded quartz-granules. I have not been able to deteet 
glauconite. The primitive colour is undistinguishable, as through 
weathering it has changed into a more or less yellowish grey. 
Also some brownish spots still oceur. 

In looking up the literature I soon became aware that the very 
same Strophomena has already been described by GaGEL of Hast- 
Prussia, who termed it Strophomena Jentzschi (15 p. 17 44 pl. V 
fig. 26). One of the blocks in which this fossil has been found, 
consists of brownish grey hard limestone with somewhat weathered, 
yellowish spots. It comes from Spittelhof and contains besides 
numerous dorsal valves of the above mentioned fossil, also the rests 
of a large Strophomena and another irrecognizable brachiopod. The 
other specimen comes from Pr. Holland and is composed of coarse- 
erystalline limestone in which only one dorsal valve of Strophomena 
Jentzschi Gag. occurs, beyond corals and rests of crinoids. Their 
petrographical character induced GasEL to refer both erratie blocks 
to the Upper-Silurian series. However, it will appear presently that 
also these boulders, at all events the first-mentioned, have been 
proved to belong to the Lower-Silurian. On the other hand, according 
to Anpesson, the other may possibly originate from the Upper-Silurian 
and contain a closely related species. 

Now in order to make assurance double sure, I begged Prof. Anprfr 
of Königsbergen to send me one of Gacer’s original samples for 
comparison. This request was readily complied with. A couple of 
well-preserved valves of Spittelhof were sent me, for which kindness 
I still feel greatly indebted. 

My suspieion came true in every respect. The short description 
of this fossil by Gasen I quote here for the sake of completeness: 

Umriss querverbreitert, Schlossrand gleich der grössten Schalen- 
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breite. Schale anfänglich flach, dann allmählig unter einem rechten 
Winkel nach der Ventralseite zu gekrümmt, so dass die Dorsal- 
schale convex wird. Oberfläche mit zahlreichen feinen, aber deutlich 
runden Rippen bedeckt, deren Zwischenräume durch 2—3 sehr feine 
Radialstreifen angefüllt sind. Ausserdem befinden sich auf dem 
flachen Teil der Schale noch eine Anzahl unregelmässiger, flacher, 
concentrisch angeordneter Runzeln, ähnlich wie bei Strophomena 
rhomboidalis. In der Mitte der Dorsalschale befindet sich oft noch 
eine kleine, aber deutliche Einsenkung”. 

The concave ventral valve has not been discovered by Gasmı, either. 

In consideration of my scanty material I was not enabled to make 
certain about the petrographic resemblance between the boulder 
from Spittelhof and the one found by myself; still it seemed to be 
rather great. 

The second and latest writer that has. described erratics with 
Strophomena Jentzschi Gag. from Germany is SrorLzer (20 p. 136). 
Without mentioning the finding-place (only the distriet Schleswig- 
Hollstein is given), he mentions two more blocks. The one is composed 
of light-grey limestone, in which here and there vermiform concre- 
tions of glauconite grains occur. Beyond a number of specimens of 
Strophomena Jentzschi Gag. this boulder contains only Orthisina 
plana Pand. The other resembles in a most marked degree the 
preceding one, but contains only a trace of glauconite and the only 
fossil accompanying Stroph. ‚Jentzschi Gag. was Orthisina concava 
v. d. Pahl. ' 

To my knowledge this Strophomena has not been detected in 
erratics from Denmark. 

Only a few years after GAssL had described the species, J. G. 
ANDERSSON also recorded a number of erratics with the same fossil 
from Sweden. One of them originates from L. Brunnby in the 


parish of Stenasa in Oeland, one from Källunge Myr in Gotland 
and four from Gotska Sandön. 

All these specimens differ largely from the one of Groningen as 
well as from the German pieces in that they are filled with a 
number of rolled fragments of brown phosphorite and brown 
to black phosphoritic sandstone. This makes them true conglo- 
merates, which induced ;‚Anpersson to style them Strophomena- 
Jentzschi-conglomerate. Similar blocks have not been recorded either 
by Sronuer or by Gasen, who do not make mention either of any 
phosphorus-eontent. Neither does my specimen. What typifies 
ANDERSSON’s erratics, is that some phosphorite blocks contain Upper- 
Cambrian fossils, viz. Peltura scarabaeoides Wahlb., Sphaerophthal- 
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mus sp. and Agnostus pisiformis Linn., which proves them to come 
from a region of Cambrian deposits, which was exposed to erosion 
during the early part of the Lower-Silurian period. ANDERSSON (l.c. 
p. 79) himself is wrong in inferring from these erraties, that they 
come from the very locality whence originated also the boulders 
they contained, and that at the very least in that place the whole 
Upper-Cambrian must have been eroded away. I think this need 
not be so at all, and I even believe that it is most likely not the 
case, but that the region, from which these Cambrian blocks origi- 
nate, has to be looked for rather in the vieinity of the original 
locality of the Silurian erraties. First of all we think of the distriets 
near the ceoast of the mainland of Sweden to the West and to the 
North of Gotland. 

The cementing material also whicb consolidates the phosphorite 
blocks, varies more or less from the first-mentioned erratics, as, 
according to J. &. ANDERSSON it sometimes consists of grey to white 
spotted coarse-erystalline limestone and sometimes of grey, compact 
limestone, in which occur a larger or smaller number of rounded 
quartz-grains, as well as occasionally some glauconite. 

Among the fossils in the last-mentioned erraties are Orthisina 
sp., Platystrophia biforata Schloth., Strepula sp. Tetradella sp., 
Asaphus sp., Illaenus nuculus Pomp., Illaenus sp., some Bryozoa 
and other non-descript fossils. Of all these only /llaenus nuculus 
Pomp. was known hitherto from a boulder from East-Prussia, 
as described by PompeckJ (16 p. 69). The author referred it to the 
Lower-Silurian period. This rock consists of brownish, coarse-grained 
limestone with many quartz-granules. 

Finally we refer to one more: erratic block with Strophomena 
Jentzschi Gag. from the North-Balticum, recorded by Wıman (23 p. 
103), viz. N’ 94 of Ekeby. This boulder consists of red Asaphus-lime- 
stone and does not contain other fossils. 

The age of all these erratic blocks could be established, because 
Strophomena Jentzschi Gag. has been found in solid rock first by 
ANDERSSON (l.c. p. 77) in the northern part of Oeland, afterwards 
by Lamansky (22 p. 177) on the Wolchow in Russia and finally by 
Horrepdanı, (29 p. 46) in South Norway near Vaekkerö and Töien. 

LamanskyY (l.c. p. 177) suspects that also the brachiopod, which 
is recorded by Bröcser (5 p. 50 pl. XI, fig. Va) as a Sirophomen«a 
rhomboidahs Wilck. from the - Expansus-shale and the lower part 
of the Orthoceras-limestone of South-Norway, is identical to 
Strophomena Jentzschi Gag. The figure alluded to, is not at all like 
it, as already observed by Ho1TEpaAnL. 
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This fossil is rarely but regularly fonnd in Oeland, in the lower- 
most, glauconitic Asaphus-limestone, in Russia in the three divisions 
of the zone Bın (Bars Bıı, and Bi, of LamanskY. On the basis of 
his investigations Lamansky parällels the’ lower half of Bin, with the 


Lower Asaphus limestone of Oeland, but the Strophomena-Jentzschi- 
conglomerate with the Upper Asaphus-limestone and the Gigas-limestone 
of Oeland, and with the upper part of Lamansky’s zöne Bir, and 
with his zöne Bni, of Russia, so that from this it follows, that 
Strophomena Jentzschi Gag. is spread over a larger vertical extent 
than Anpersson could have surmised at first. In South-Norway the 
fossil has been found in the zöne 3 ec. 

If, therefore, we wish to parallel this erratie block with any of 
the Lower Silurian strata, it is necessary, in view of the varying 
petrographical character of the divisions, which deserve consideration, 
and in view of the different character of each of them in different 
regions, to find out from which region the boulder most probably 
originates. 

“ According ta Lmnpström (11 p. 9—12) Asaphus raniceps Dalm. 
occurs already in the Lower Gray Orthoceras-limestone of Sweden 
and is still found in the Upper Gray Orthoceras-limestone. 

According to ScHMiDT this species is observed in Russia in the 
zöones B 2b—B 35; according to LamanskyY (22 p. 169) in the upper 
strata of the zöne Bu, up to the lower strata of Bun, 


BröGGER asserts that it is not quite certain whether they are met 
with in Norway (5 p. 92). 

Most probably this erratic block does not originate from the 
mainland of Scandinavia, Strophomena Jentzschi Gag being known 
there only in South Norway. Moreover the rocks from those zönes 
differ from our boulder. 

Likewise the Russian Silurian need not be considered although 
the latter fossil also oceurs in Russia. It has not been observed yet 
to the west of Reval. In that region only Byrı, of the zöne Bi 
exists and this division consists of ealcareous sandstone. Our boulder, 
therefore cannot come from the East-Balticum. 

As has been said, only one erratic block with Strophomena Jentzschi 
Gag. from the North-Balticum is known. The petrographical character 
of it does not agree with this specimen. Boulders of grey limestone 
have been found there, indeed, which belong to the Asaphus-lime- 
stone of Wıman and may tlıerefore be of the same age. 

In Oeland the Lower Asaphus-limestone consists of limestone partly 
containing glauconite and partly free from that mineral of which 
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the first may agree pretty well with Srornev’s boulders, but neither 
of them agree with the Groningen specimen, especially as regards 
the amount of quartzgrains. 

The presence of erratic blocks with Strophomena Jentzschi Gag. 
in Oeland, Gotland and Gotska Sandön leads us to consider also 
the localities of the Baltic west and north of the last two islands. 
It is true, the erraties fountl there, differ largely from the Groningen 
boulder; still this distriet is presumably to be considered as their 
original site. Srouuey and Anpursson do the same- for their blocks, 
while the assumption also seems warrantable of the presence of 
similar erratics in Fast-Prussia, notably the one described by PoMmPEckJ 
and the Spittelhof fragment recorded by GAGEL. 

Probably this specimen must be considered to originate from a 
narrow slip of the Baltie, a little north of Gotska Sandön and at 
a short distance West of Gotland. 

From the foregoing it appears therefore, that the place of origin 
cannot be assigned more accurately, so that we cannot say for sure 
to which division of the zöne Bj, the boulder belongs. It is 
therefore, like the Strophomena-Jentzschi conglomerate to be classed 
provisionally under Br. 


Calcareous Sandstone with Asaphus raniceps Dalm. 
p l 


In the Tuinbouwstraat one boulder was found among the many 
erratics that, judging from the fossils it contains, must be included 
among the Lower-Silurian. It is however’ of a peculiar petrographical 
character, as it consists of rather hard, fine-grained sandstone with 
a calcareous cement. The like of it appeared to be quite unknown 
in the literature of erraties. 

This erratie block has about the size of a child’s head and its 
primitive colour was gray to bluish-gray, as may still be observed 
from the inner part; the outside, however, shows a discolouration 
to brownish-yellow. For the rest it has suffered little from weathering. 
The quartz-grains are small, all but colourless and rounded. I did 
not encounter glauconite, but only some grains of caleite. The rock 
also contains a few pieces of more or less rounded, coarse-grained 
Jimestone, black at the periphery, white in the centre. These frag- 
ments, which moreover contain a large number of brown, rod-shaped 
bodies, are presumably little rolled boulders since {hey differ so 
much from the surrounding rock. However this is still highly 
problematical. 


Beyond one speeimen of an Orthis-species this block contains a 
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small but complete pygidium of Asaphus raniceps Dalm. (Length 74 
mm, breadth 11 mm) and numerous other indeterminable fragments 
of Asaphids; i.a. a fragment of an hypostome. 

In the description of the previous boulder I have already com- 
municated something about the oceurrence of Asaphus raniceps Dalm. in 
the Lower Silurian deposits .in Scandinavia and Russia, so that I 
now merely refer to it. 

From the above it appears, therefore that this block is to be 
classed under the older strata of the Lower-Silurian, specifically under 
one of the divisions equivalent to the Swedish Orthoceras-limestone. 

However in Scandinavia or in Bornholm no solid rock is known 

resembling this rock in any way. Starting from Reval, Bin, of 
LamanskYy has developed itself as a calcareous limestone in the 
Western part of Estland. Fragments of this rock also occur on the 
beach of Odensholm, so that up to that locality at least this division 
retains the same petrographical character. There it has sunk already 
below the sea-level. Having no control-material of this rock I am 
unable to ascertain its similarity to this boulder. 
_ Moreover some boulders have been discovered, which, being 
composed of limestone, contain a variable amount of rounded quartz- 
granules and agree in age with Dyzr, as may be gathered from the 
description of the previous species of erratics. 

I therefore believe that this piece is to be considered as a quartz- 
rich variety of the limestone with Sfrophomena Jentzschi Gag. and 
of the Strophomena-Jentzschi-conglomerate, especially because in the 
previous block also occurs a pygidium that belongs to the same 
Asaphus-species. 

When examining the fragment more closely with regard to a 
possible phosphorus-content, both the rock itself and the foreign 
enclosures distinetly proved to contain at least some phosphorus. The 
latter, however, did not give off any smell of bitumen when particles 
were knocked off with the hammer. Furthermore, because they are 
not fossiliferous, we cannot determine whether these fragments of 
limestone, as is the case with the erraties of ıhe Strophomena-Jentzschi- 
conglomerate examined by ANDERSSON, are to be included under the 
Cambrian. 

Most likely the original ‚locality of this erratie block is that slip 
of the Baltie which eovers the prolongation of the calcareous sand- 
stone in Estland and continues along the North side of Gotska 
Sandön as far as West of Gotland, thus comprising the region, 
from which the Strophomena-Jentzschi-conglomerate originates. 
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Limestonie with Dinobolus transversus Salt. 


A piece of fine grained-erystalline limestone having become 
brownish-yellow through weathering and of about the size of a fist, 
contains a dorsal valve of Dinobolus transversus Salt. (1 p.59 pl. V 
fig. 1—6), which in spite of its extreme thinness has been preserveil 
in admirable perfeetion. This boulder also, which was also found 
in the Tuinbouwstraat at Groningen, is & completely unknown 
species of erratics, as- the fossil mentioned just now was not met 
with in any other country. 

The length of the valve is 3 cm., the largest breadth, across the 
centre, 4.2 em. The almost straight hinge margin is 3.3 cm. long. 

The dorsal valve is almost quite flat and reveals on its surface 
numerous, very faint, concentrie lines of growth and an extremely 
fine radial striation. Whether there are ee spines ou the outer 
surface, as indicated by Davınson (.c. pl. V, fig. 3 and 3a) cannot 
be made out. 

Of other fossils this boulder contains besides a number of detached 
portions of crinoid stems also a valve of Pholidops implicata Sow. 
(1 p. 80, pl. 8, fig. 13—17) and a valve of Beyriehia Jonesi Boll 
(13 p. 13, pl. II, fig. 10—12) and a pygidium of Proetus concinnus 
Dalm. (9 p. 78, 18 p. 41, pl. IV, fig. 1—9, 3 p. 22, pl. XVII, 
fig. 5). 

From all this it appears, therefore, that the block belongs to the 
upper Silurian, the zöne being undetermined' yet. 

Pholidops implicata Sow. contrary to Pholidops antigqua Schloth. 
is probably quite unknown in our upper Silurian erratics as well 
as in those from Germany and Denmark, which is peıhaps due 
to the fact that various authors have considered the two as synonyms 
(7 p. 96, 10 p. 173). lt appears however, as MoBkrG and GRÖNWALL 
(24 p. 30) have shown, that they were used for fossils which indeed 
are closely allied to each other but also form a distinet eontrast. 
Only Kıusow (6 p. 245) records that Pholidops implicata Sow. (= Crania 
implicata Sow.) is very abundant in West-Prussia in the boulders 
of the Upper-Silurian Beyrichia Limestone. I think however that 
he also refers here to Phohdops antigua Schloth. 

In solid rock Pholidops implicata Sow. is known only from the 
island of Gotland (from the zönes c—h of Linpström (12 p. 13). 
Mustur (27 p. 12—13) mentions the fossil from the layers 2—4 
distinguished by him and Van Horpen (25 p. 125) from y and Eupsi 
Linoström, also, records the oceurrence in Schonen (l.e. p. 26), but 
Moser and GRrönwaLL state that the species there differs distinetly 
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from the Gotland species and resembles Pholidops antigua Schloth. 
It is not known as yet which of these two fossils oeeur in Oesel 
and in Estland. h 

Beyrichia Jonesü Boll. has been reported by Kınsow (13 p. 13 pl. 
II fig. 10—12) of Gotland ‚from Linpsrröm’s zönes c—h, by Van 
HorPren (l.c. p.132) from his zöne &,. At Schonen this fossil has not 
been found, and nothing is known of it in Oesel and Estland. 

Proetus coneinnus Dalm. is mentioned only by Scamipr (l. ec. p. 44) 
from the Lower Oesel stratum (zöne ./) of the Russian Baltie provinces, 
of Gotland by Linpström (12 p. 3) from the zönes c—e, and by Van 
Horpen from his zöne y (near Mulde) (l. ec. p. 142). Moreover this fossil 
has been found with Beyrichia Jonesit Boll in boulders, associated 
with Leperditia Baltica Eichw. and Beyrichia spinigera Boll. (2 p. 
39, 17 p. 502). 

I, therefore, feel justified in assuming, that this boulder probably 
agrees as to its age, with the Lower Oesel stratum of the Russian 
Baltie provinces. 

In Oesel the Lower Oesel stratum consists almost entirely of blue 
marl and dolomite. Limestone occurs only in the West of the 
peninsula Taggamois (+ p. 46). The equivalent layers in Gotland, 
on the other hand, are composed of marl, marly limestone and 
limestone, and the equivalent layers on the mainland of Sweden of 
grapholite-shale, so that this region cannot be considered as the place 
of origin. 

Gotland and the part of the Baltic between this island and Oesel 
and of these probably, first of all, the island of Gotland together 
with its approximate vieinity is, therefore, in all likelihood to be 
looked upon as the locality from which our erratie block was derived. 


Delft, May 1919. 
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Astronomy. — “Theory of Jupiter’s Satellites. 11. The varıations.” 
By Prof. W. p& SITTER. 


(Communicated in the meeting of June 28, 1919). 


We still restriet ourselves to the non-periodic part [Ri] of the 
perturbative function, as in the determination of the intermediary 
orbit.!) The quantities /;, ki, vi, w;, which were zero in tlıe inter- 
mediary orbit, are now determined by the equations (23), *) of 
which the solution is given by (24). For the determination of the 
five values of 8,’ we have the determinant (28). Then c’;, and c';, 
are determined from (27) and c;, and c";, from the first and last of 
(25). The expressions for the coefficients a;;, a’;z, biz, biz, diz, d’iz 
ei j, €’; are given-in Vol. XII, Part I, of the Annals of the Leiden 
Observatory, page 31. Then we have 

A; = 2,ı(aiıa; + biıdız), 
B;=Zıl@kiudı; + biıe,), 
CG;=Zıldiıa;+ did), 
Dij=Zı(didı; + dire). 

The details of the computation of the quantities a; ;, a’;;, ete. and 
A:j, Bizj, ete. will be published in the Annals of the Observatory 
at Leiden. Here we shall only give the results. The determinant 
(28) is: (see formula A, next page). 

The coeflieients are given in units of the eighth decimal place. 
Denoting the columns by roman, and the rows by arabie es 
we now perform the following operations: 


add 4.(V)+2.(VD to (VII) 
„ 3. (V)—e, ® Dee (le, Ne, (IV) ” (VD 
a rate » (6) 
en » (©) 
26} [(6) Se)E (7)] 221%) le 4). 


The determinant then becomes: (see formula B, next page). 


1) See Ouilines of a new theory of Jupiter’s Satellites, These Proceedings, 
Vol. XX, p. 1289—1308, and Theory of Jupiter’s Satellites. Il. The inter- 
mediary orbit, These Proceedings, Vol. XXI, p. 1156-1163. 

®) “Outline” p. 1301. The definition of Ai and k: is slightly different here, in 
consequence of the introduction of ei instead of ni. We now have 

ecsi—=ei-t hi 
eising —=kı. 
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Consider the determinant consisting of the elements of the first 
five rows and columns. This can be conceived t0 be the result of 
the elimination of y; from the linear equations 

N (Meer r0) 
where F;; @ the element of the i" row and the z'" column. 


The new unknowns y; are connected with the original unknowns 
c’; and c"; of the equations (27) by the relations: 


G =i — Yu a 
u Püle a: Pe 5 

y=y, + 2%, 

y —=Yn j 

PER Pe 


To each of the five roots 8°, corresponds a set y,@—=1...5). 
Then y,, y, and y, are determined by 
SF; - yo. (1-3; 0. .8) 
We now determine «; from 
Fs=Ff5+ 2,2 Fo, 


@j=1...4) 
Fi; + PIE F; —- ufs—=l0, 
and we put 
Fu =Fj3—- uf gel 
and 
yazzıH&ye e.==b,.34) 
Then z; and 3? are determined by the equations 
(«) S,;F; Pu), " . (je...) 
and y, is given by 
| 2;F, 25; + (FF — P)y =. G=1...4) 
This determines four roots ß,’. The fifth is given by 


PB’ = des 
and the corresponding values of z; and y, are 
Gel at, Vals) 
To solve the equations («@) we take 2,,—1. Since the coeffieients 
of the diagonal 7"; are much larger than the others, we can take 
| Ft Sg 
Fig 


= men 
Egg — Fi 


Fig 
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We find 
Fu + 1025.18, 
and the determinant of-the four equations («) is 


+30250.34— 8 > 263.42 2214.99 ges 
— 235.83 +23296.87”—B? + 289.04 E76 
172 483.95 RL 
250,88 1 EN, +21087.28— 


The five roots y”, determined in this way, are (still expressed in 
units of the 8! decimal place): 


ß,?— + 30261.15 
B?= + 23299.79 
Br = + 21374,51 
= + 21084.19 
B?=+ 1025.13 
We now put, for g=1...4, 
Ww=ßhTt typ =r tm, tg =rr+YTtHt Wo t Ro 


where 
Er ee N BR, Pr — 180°, 

Then @,=y,r + @, are the longitudes of the “proper” perijoves, 
and w, for g=1...4 are the arguments of the inequalities .of 
group Il, and w, is the argument of the libration. 

The mean motions of these arguments are, in degrees per day '): 


El. and Masses. 


10 


y, = 00148668 0°.14407 
1, 0 .039842 0.039598 
1, 0 .006949 0.007046 
y,—= 0 .001862 0.001864 
B,—= 0 .16347 0 .16252 


These values are not yet final, since we have neglected: 

1. the effeet of the periodie part Ri—[R;] of the perturbative 
function, 

%. the squares and products of the quantities hi, @;; 

3. the inelinations of the orbital planes of the satellites on the 
plane of Jupiter’s equator. 

Apart from the correetions which must eventually be applied 


1) The motions yi and A; are siderial ones, and do not contain precession. 
Accordingly the precession has been subtracted from the values of yı as given in 
El. and Masses. 
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later on these three accounts, the values of ß; and y; as given here 
are certainly exact and complete to the last decimal place given. 

The values added for comparison are those of my theory of 1908 '), 
reduced to the masses adopted here. This theory is SOUILLART’S 
with some errors corrected. The computation of the motion of the 
argument of the libration, however, was carried one order further 
than was done by SoUILLART. 

The values of the coefficients ciy, c'ig, c'iy and c";, are: 


q 4 2 3 £ 5 

cg + 0.96868 R2 0.02754 + 0.02479 + 0.00230 — 0.00054 
09 — .04429 + .93485 — .17327 — .01584 + .00032 
9 — 00686 + .03313 + .98970 + .08804 + .00004 
49 + .00006 + .00012 — .12098 ++- 1.00000 .00000 
dig + 0.960388 + 0.05057 + 0.02483 + 0.00229 — 0 00287 
dgg — .01944 + .97713 — .15246 — .01400 + .00155 
&39 — .00637 + .04010 + .99952 + .08891 + .00018 
dig + 00006 + .00012 — .12098 + 1.00000 .00000 
ig + 2.7649 + 0.9617 — 0.07900 -— 0.00718 + 0.15668 
egg — 3.3850 + 1.8535 + 57340. = „05032 -— ‚26677 
35 + 0.0800 — 0.7324 — .11736 — .01022 + .02150 
Egg .0000 ‚0000 + .00001 .00000 .00000 
eig + 0.01195 + 0.003863 — 0.00028 — 0.00002 + 0.00012 
5 — .02934 + .01436 + .00405 + .00085 — .00043 
"35 + .00052 —ı 01118 — .00149 — .000183 + .00007 
44 0 0 0 0 0 


If we neglect the squares and products of &,, (as. well as products 

ej&,), and if we put 
Tg = == 3 (&g Er Cig)» 
where the lower sign must be taken if either or g, but not both 
of them, are 2, then the effect of the variations on the radius- 
vector and the longitude is: 
ni 3 a 
tr ame C ig &g 608 Wg — 9 TigEg 008 (ii — WW) — 
3 — 3 2, (ig —cd;y) &, 008 (ih + %,) 

WZSLGEiEgMnW+ 2 DI, Tigegsin (d—W,) + 2, (ig — dig) Egsin (i+ W,), 
where we have put 


) On the Masses and Elements of Jupiter's satellites and the mass of the 
System, these Proceedings, Vol. X, pp. 653 and 710. 
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Kot Mo + (a —x)r, 
sur: 
The first term for g=1... 4 gives the inequalities of group 11, 
and for g=5 it represents 'the libration. The second term for 
q=1...4 represents the equations of the centre. 


We have j 

g 1 2 3 4 
17 -+ 0.964538  -- 0.089065 + 0.023481 + 0.00229 
ale ee or 101499 
T3g — .00661 — .03662 + .99461 + .08847 
Tg + .00006 —.00012 — 12098 + 1.00000 


For 9=5 this term is better written in the form 
— 3 (5 + is) &5 cos (l; — Ys) 
+ (as + dis) &5 sin (k — Ws). 

It then represents, like the third term for all values of g, small 
periodie inequalities, whose periods differ little from that of the 
equations of the centres. 

It should be pointed out that the theory here given (intermediary 
orbit and variations) covers the same ground as SouILLART’s, with the 
exception of the small periodie perturbations and the terms of. very 
long period arising from the action of the sun, Saturn, etc. SOVILLART 
does not give any term of the perturbative function, nor any inter- 
action of two terms leading to a term of higher order, which is 
not taken into account here too; and he omits many terms which 
are included here. The above theory is certainly complete up to the 
numerical limit of aceuracy which was fixed beforehand. This can 
certainly not be said of Soviszart’s theory, though it generally gives 
many more decimals. The new theory has proved eminently suitable 
for numerical computation. 


Physiology. — “Tonic reflexes of the labyrinth on the eye-muscles’’. 
By Prof. R. Maenus and A. DE Kueim. 


(Communicated in the meeting of June 28, 1919). 


It is a well-known fact, that the labyrinths strongly influence the 
position of the eyes in the orbits. Each position of the head namely, 
corresponds to a special, definite position of the eyes in the orbits. 

The inquiries concerning the relation between the position of the laby- 
rinth and that of the eye is highly impeded by spontaneous movements 
of the eyes and it is, therefore, easy to understand that more elabo- 
rate investigations were made almost exclusively with animals, which 
make but few such spontaneous movements. Among the animals, 
which are usually experimented on, the rabbit is preferred to all 
others. 

In 1917 an extensive publication on this subject was issued 
by the pharmacological Institute '), in which the question of the 
relation between the positions of the labyrinth and of the eye was 
examined as completely as could be. Starting from a primary position 
of the head with a horizontal mouth-opening and the lower jaw 
pressed downward, other positions of the head appeared to involve 
both constant vertical deviations of the eye and rotatory, movements; 
as for side-movements, in the direction of the eye-opening, no reliable 
data could be found. 

The vertical deviations of the eyes always take place in 
opposite directions for the two eyes, whereas the principal deviations 
were found with the head in the two side-positions, when the upper 
eye deviated as much as possible downwards, the lower eye in the 
same degree upwards. | 

The rotatory movements always take place in the same direction 
for both eyes, the greatest deviations were found, when the head stood 
with its muzzle vertically üpwards or downwards. During the expe- 
riments the rabbits were put immovably in various positions with regard 
to their surroundings, when special care was taken that any shifting 
of the position of the head with regard to the trunk was out of 


) J. v.D. Horvs und A. ve Kreis. Tonische Labyrinthreflexe auf die Augen. 
Pflügers Archiv. 169. 241. 1917. 
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the question (reflexes of the neck). The various positions of the 
eyes were determined kinematographically. Minute measuring was 
made possible by indicating on the photographic plates the shifting of 
a cross, burned into the cornea anaesthetized by cocain, with regard 
to a fixed system of coordinates, photographed at the same time. 
The results were indicated for the vertical deviations of the eye 
and for the rotatory movements separately, to wit for three per- 
pendicular rotations of the head round 360° each. 

In this way we only get to know, of course, the influence of 
the head, i.e. the labyrinths on the position of the eyes. However, 
for a minute analysis of the influences of the labyrinths it is desirable 
to know the influence of the labyrinths on each eye-muscle. 

Now, as different positions of the head often bring about a com- 
bination of vertical deviations of the eye and rotation movements, 
which combination, in its turn, variously modifies the points of 
insertion of the eye-museles, it stands to reason that we cannot say 
beforehand that the greatest deviation of the eye-ball either upwards 
or downwards, or the full extent of any of its rotations, necessarily 
implies the maximum lengthening or shortening of the eye-muscles 
(recti and obliqui). This made it necessary to investigate what 
‘ position of the head produced the maximum and minimum shortening 
of the eye-muscles. The above-mentioned inquiry had clearly brought 
out- in what way each position of the head influences the position 
of the eyes, so that the only thing left to be done now, was 
construction of a proper model ‘of an eye, putting the eye-ball 
of this model in the various positions which had been found, and 
- measuring the length of the six eye-muscles for each position 
accurately. 

A short time ago the anatomical relations of the eye-muscles of 
rabbits were given in detail by Wesseny '). However the accom- 
panying illustrations do not give us the numbers expressing those 
relations. | 

For this reason a minute inquiry was made with various rabbits. 
with regard to the length of the eye-muscles, size of the eye-ball, 
place of insertion for each muscle, ete. and in accordance with this 
the instrument-maker of the Institute, Mr. F. A. C. Imnor, made a 
model of an eye-ball with eye-museles to correspond. 

Starting from the primary position of the eyes and guided by the 
information obtained before with regard to rotatory movements and 
vertical deviations of the eye for different positions of the head, now 


ı) K. WesseLy. Ueber den Einflus der Augenbewegungen auf den Augendruck. 
Arch. f. Augenheilkunde. 81. 111. 1916. 
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the eyes of the model were placed in the corresponding position, so 
that now the lengths of the 6 eye-muscles for these various positions 
of the eyes could be measured. 

In the experiments made before, three rotations had always been 
performed. Rotation 1. 

The animal originally in ventral-position with horizontal mouth- 
opening, Rotation of the animal round the bitemporal axis, direction 
of the rotation. head downwards and tail upwards. 

Rotation II. 

The animal originally in ventral position, with horizontal mouth- 
opening. Rotation of the animal round the oceipital-caudal axis. 
Direction of the rotation: Right eye downwards. 

Rotation II. 

. The animal originally in side position, left side downward, right 
eye upward, vertical mouth-opening. Rotation of the animal round 
the venter-dorsal axis. Direetion of the rotation: muzzle downwards. 

For each rotation the position of the eyes was stated accurately 
after every 15°. 

The result of the measurements of the lengths of the eye-muscles of the 
model for the various positions of the eyes was stated in tabular form. 

However, the publication of these tabular statements must be put 
off for the moment, as some correction appeared to be necessary. 

For when the eye, starting from the normal position, performs 
rotations, unaccompanied by vertical movements, these rotations of the 
eye-ball cause the points of insertion of the rectal eye-muscles on 
the bulb to be removed, by which the length of the rectal eye- 
muscles is changed passively. 

However, when a rotatory movement combines with a vertical 
deviation of the eye, the contraction of the rectal eye-muscles does 
not take place with the length, of those muscles of the normal 
position of the eye, but with the length they have got by (after) the 
rotation (contractions of the oblique eye-muscles). So when the eye 
has performed rotation the lengths of the eye-muscles must be 
rectified with a value, in accordance with the passive lengthening 
or shortening, caused by the contraction of the oblique eye-musecles. 

At the same time, of course, the lengths of the m.m. oblique at 
different vertical deviations should be rectified with a value, in 
accordance with the passive lengthening or shorting of those muscles 
caused by the contraction of the rectal eye-muscles. 

With the help of the model it was easy enough now, by first 
putting the eye in the normal position and stimulating either rotatory 
movements or vertical deviations of the eye-ball exelusively, to 
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state for various lengths of the oblique eye-muscles, the passive 
lengthening or shortening of the rectal eye-muscles, or conver- 
sely, for various lengths of the rectal eye-muscles the passive 
lengthening or shortening of the oblique eye-museles. 

The tabular statements, corrected according to this system, have 
been reproduced as curves on fig. 1—4. 

So these curves represent the rectified lengths in m.m. of the 
4 eye-muscles (both oblique and reeti super. and infer.) for the three 
rotations of the head above-mentioned. For the oblig. superior only 
the distance from trochlea to the insertion on the bulbns has been 
reproduced. From all this we learn that curves of the obliq. superior 
and oblig. inferior form a true reflexion of each other, that is to 
say that, at the tonic reflex of the labyrinth these muscles act as 
antagonists, the lengthening of the one brings about the shortening 
of the other, and conversely. 

At the same time the curves of the m.m. recti superior and 
inferior show that these muscles too are absolute antagonists. 

If we-compare the eurves of the oblique eye muscles (fig. 1 and 
2) wilh the eurves, found at a former period for the rotatory 
movements of the eye, we see, that they agree with regard 
to the principal points. Especially the positions of the maxima and 
minima do not show. any essential difference; the rotatory move- 
ments and the shortening of the oblique eye muscles are greatest 
when the head with its muzzle points vertically upward or 
downward. At the same time the curves for the rectal eye-museles 
(fig. 3 and 4) agree with the curves, found before for the vertical 
deviations of the eye. Only the shape of the curve of the eye- 
muscles at rotation III is a little bit more pointed than the shape 
of the eurve, found for the vertical deviations. 

However the position of the maxima and minima undergo no 
essential change. The maximum contraction of the two. rectal 
eye-muscles takes place when the head is almost in ‚side position. 

Now, comparing the curves of ihe obliqui and recti, we find the 
following: 

At rotation I (—) the obliqui react strongly whereas the recti 
hardly perform any movement. 

So, at this rotation we find no’ vertical deviations, but almost all 
of them are rotatory-movements. 

On the other hand, at rotation II (—.—.) the obliqui hardly 
react at all, whereas the recti superior and inferior perform strong 
movements; so for this rotation the vertical movements prevail, 
whereas rotatory movements do not take place. 
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Fig. 4. 

Only for rotation III (—.—.—.) we find a combined reaction of 
the obliqui and the two recti. 

From this we.may safely conclude that, at rotation I the labyrinths 
influence almost exclusively the obliqui, at rotation II almost exelu- 
sively the rectus superior and inferior and at rotation III all four 
eye-muscles. 

We cannot yet enter into details about the eurves, but will do 
so afterwards, when determining how far the tonic reflexes of 
the labyrinth on the eye depend on definite parts of the labyrinth 
special of the otolithes. Be it sufficient to indicate here that for the 
oblique eye-muscles the curve of rotation I shows an asymmetric 
course, whereas for the reetal eye-strings the same thing takes place 
at rotation 11. > 

The exactitude of the former definitions and the measurements 
now performed, may be derived from the comparison of the corre- 
sponding points on the different curves. 

For the three different rotations namely, it occurred several times 
that the same potition of the head was reached from different 
directions. The curve shows that, notwithstanding this, the lengths 
found for the eye-muscles agree wonderfully. 

Corresponding points are among others: 

Normal position. Rotation I No. 1 and 25. Rotation II No. 1 
and 25. 

Back position. Rotation I No. 13. Rotation II No. 13. 

Side- position (Left). Rotation II No. 19. Rotation III No. 1. 

Side position (Right). Rotation II No. 7. Rotation Ill No. 13. 

Muzzle upwards. Rotation I No. 19. Rotation Il No. 19. 

Muzzle downwards. Rotation I No. 7. Rotation III No. 7. 

For all these positions the four eye-muscles measured have almost 


exactly the same length. 


Conclusions. 
From this and the inquiry published before we may conclude 
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the following with regard to the tonic reflexes of the labyrinths on 
the eye-muscles: 

1. With the rabbit every positioh of the head corresponds with 
a special state of contraction of the eye-muscles and therefore with 
a special position of the eyes, which lasts throughout the time that 
the head retains the same position. 

9. With the rabbit for the rectus externus and internus no reliable 
data could be found in the bringing about of these tonic. reflexes 
of the labyrinth. It is especially the rectus superior and inferior 
which cause the vertical deviations of the eye and the two obliqui 
whieb cause the rotation movements. 

When this happens, the two recti, just like the two obliqui, act 
as antagonists, on the other hand, changes of the lengtls of the 
recti may combine with those of the obliqui in various degrees. 
So these two groups of muscles act independently of each other 
(though of course dependent together on tie labyrinths). 

3. When the head. stands with its muzzle vertically upwards, 
the two obliqui superiores (right and left) are in a state of greatest 
contraction, the two obliqui inferiores in a state of greatest 
relaxation. 

The upper cornea-poles of both eyes are then rolled forward. 
When the head stands with its muzzle in a position vertically 
downwards, the two obliqui superiores are in a position of greatest 
relaxation, the two oblig. inferiores in a position of greatest con- 
traction. The upper cornea-poles of both eyes are rolled backward. 

For all other positions of the head we find contractions, |ying 
between these two extremes, the two eyes always react with rollings 
in the same direction. 

4. When the head is in side-position (left) the right reect. inf. 
and the left rect. superior are in a state of greatest contraction, the 
right rectus superior and the left rectus inferior in a state of greatest 
relaxation. Then the right eye has its maximum deviation downward, 
the left eye its maximum deviation upward. When the head is in 
side position (right), the left rect. inf. and the right rect. sup. are 
in a state of greatest eontraction, the left rectus superior and the 
right rect. inf. in a state of greatest relaxation. For all the other 
positions of the head we find states of contraction of the rectus 
superior and inferior Iying between these two extremes. Both eyes 
always react with opposed vertical deviations of the eye. The rectus 
superior of one side and the rectus inferior of the other side react 
in the same sense. 

5. When we start from the normal head-position and we turn 
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it round the bitemporal axis (360°), it is prineipally the obliqui 
which react, whereas the two eyes roll in the same direction. Starting 
from the normal position and turning the head round the oceipital- 
caudal axis (360°), it is especially the recti superior and inferior 
which react, and the eyes show opposed vertical deviations. 

Starting from the. side-position and turning the head round its 
venter-dorsal position (360°), both groups of strings react and 
the eye-positions are the combined results of opposed vertical devia- 
tions and rotatory movements equally directed. 

6. After extirpation of the labyrinth on one side the vertical 
deviations of the eye and the rotatory movements continue for both 
eyes. One labyrinth influences the obliqui of both eyes and the 
rollings in the same sense; however the recti (sup. and inf.) of the - 
two eyes and the vertical deviations of the eyes are influenced in the 
opposed sense. 

For both eyes one labyrinth brings about the greatest vertical 
deviation of the eye with respect to its normal positions when it 
is lowest down, whereas the head is in side-position. Then the rectus 
super. of the same side and the recetus inf. of the cerossed side are 
in a state of greatest contraction. 

One labyrinth brings about, for both eyes, the greatest rotatory 
movements by contraction of the oblig. infer., when the head stands 
with its muzzle vertically downward. 

On the other hand the greatest rotatory movements of both eyes 
by contraction of the obliqui superior are brought about by one 
labyrinth, when the head stands with its muzzle vertically upwards. 
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With one labyrinth the size of these rotatory movements-is about 
half of that of animals with intact labyrinths. 

7. For the intaet animal it is possible to caleulate the changes 
in the eye-positions by taking the sum of the influences, starting 
from the right and left labyrinths, on the reeti super. and infer. 
and the obliqui super. and inf. of the two eyes. 

8. After extirpation of tbe labyrinths on both sides all tonie 
reflexes on the eyes, mentioned above, disappear. 

9. The minimum number of central courses, necessary for the 
explanation of the tonic reflexes of the labyrinths of the rabbit on 
its eyes (so not of the rotations-reactions and calorie reactions), have 
been drawn in a sketch, accompanying fig. 5. 

The uninterrupted lines represent the courses of the recti super. 
and inf., the dotted lines those of the obliqui. 

Each of tbe four obliqui is influenced from both labyrinths, each 
of the two recti (super. and infer,) from only one labyrinth. 

One labyrinth influences the 4 obliqui, but only the rect. super. 
of the same side and the rect. inf. of the cerossed side. For these 
tonic reflexes of the labyrinth for the m.m. externus and internus 
no reliable data could be found. 


Mathematics. — “On expansions in series of covariant and contra- 
variant quantities of higher degree under the linear homogeneous 
group.’ By J. A. Schovren. (Communicated by Prof. J. 
CARDINAAL). 


(Communicated in the meeting of March 29, 1919). 


Notations‘). A covariant affinor of degree p may be written as 
the general product of p ideal fundamental elements?): 


p ee) 
ee, Em re il 
Bo ve, p 1 P) ( ) 


an alternating or symmetrical one as a power of one ideal funda- 
mental element: 


NER 
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The p! ısomers of u, viz. the »p/ products of the ideal factors in 
all possible orders are real rational covariants of - Each isomer is 
formed from R by one of the p/ permutations ?, of the ideal factors. 
By a penetrating general product E of some affinors ag we 


Pg 
understand any isomer of the general product uv.... An aflinor, the 
different isomers of which are not connected by linear relations, is 
called a non special one. 


Classes of isomers*). It is well-known, that the p factors of an 
isomer can be divided into groups of-s,,s,,... factors in one single 
way, so that in each group the permutation is a cyclic one. The 
groups are called the permutation regions and the complex of the 
numbers s, ,s,,... in descending order and omitting all numbers 


1) See further “Die direkte Analysis der neueren Relativitätstheorie.” ° Verh. 
der Kon. Akad. v. Wet. DI. XII N°,. 6, p. 7—11. ; 

2) Introduced firstly by E. WaerscH under the name of “symbolische Vektoren” 
in “Ueber mehrfache Vektoren und ihre Produkte, sowie deren Anwendung in der 
Elastizitätstheorie.” Mon. f. Math. und Ph. 17 (06) 241—280. F 
17 


Proceedings Royal Acad. Amsterdam. Vol. XXII. 
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1 the permutation number. For « regions of the same extension we 
shall write here a.ss. A permutation number is /ugher than an 
other one, when its first region is greater or, in the case of equality, 
when the second region is greater etc. FroBexıvs introduced the name 
of permutation class for all permutations with the same permutation 
number. In the same way we shall call the sum of all isomers 
with the same permutation number divided by p/ the isomer class 
with that number. The number of elasses is therefore equal to the 
number %& of the whole positive solutions of the equation 


2, +2%,+32+..: ENT en 
The classes are arranged in ascending order and written: 
P = 1P P p 
RKu=-u , Ku, ı) DEU 


The permutation number may be added as index on the left side 
Eee lorld ==: 
NE u 1 ’ Be ’ wur ’ 1 ’ 28 DER: CH) WE ’ ME MET MER 
A class is called even or odd according as it consists of even or 
odd permutations. 


* . * . p 
Alternations and mixings. The affınor that is found from u by 
replacing each of ?t definite groups of s,...,s,. factors (without 
displacing them) by the ideal factors of their alternating or symme- 


\ i - i x P 
trical product is called a simple alternation resp. miring of u with 


the permutation number s,,....,s, and is written as: 
(2) p 21eay37 (A) p 
Sry u NE: M u 


t 

The index (2) at the top on the right indicates the choice of the 
permutation regions. The affinor is called, locally alternating vesp. 
symmetrical in these regions and in general locally permutable. 

The sum of all simple alternations resp. mixings with the same 
permutation number divided by their number is called the general 
alternation resp. miwing with that number. The general alternations 
and mixings are arranged in ascending order and written as 


en, N. > 
Aus Aare nA 
— pp IR un 
Musn Mailee „3 Mr U, 


eventually, when desirable, with the permutation number as index on 
the left e.g. for p=6: 
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When »s:,%. 8: „isıthe permutation number of 4,;, 4; contains 


u = ww a Be Ark Ge Z = ar =) (4) 


simple alternations A;. The same holds for mixings. For a non 
special affinor all classes and likewise all simple and general alter- 
nations resp. mixings are linearly independent. 

When successively „,..,s,4 and "7 M are applied to a non 
special affinor, the result is then and only then zero when more 
than one factor of a region s belongs also to a region s’. The 
highest permutation number for which 


3 
s ns’ p 


u 
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is not always equal to zero is called conjugate to s,,...,s:. From 
this follows that 


dr (te + P 8, — 81) , (a1) 2, (151). (t—1)2...,@8,-8,).2. (5) 

This relation is a reciprocal one. When the permutation regions 
of an alternation or mixing are numbered in such a way that a 
greater region has always a lower number than a smaller one, it is 
possible, that for all values of e& the et" factors of each of the 
regions are placed in the order of this numbering. In this case the 
alternation or mixing is called ordered. To an ordered alternation 
there evidently belongs only one ordered mixing with conjugate 
permutation number, such that these two operators do not annihilate 
each other. Then these two are called conjugate. 

A general alternation and a general mixing with conjugate per- 
mutation number are called conjugate. Every general alternation or 
mixing is annihilated by all simple and general mixings resp. alter- 
nations with a permutation number that is higher tban its own 
conjugate one. For p >5 the order of tbe general mixings conjugate 


to A; ..., Arzı is not the same as of Mu_1,.: , M,, for p=6, eg. 
9Ag , 22A3 , 3244 ‚345 , 3246 , 2.347 , 4A 1,249 , 5Aıo 


5Mıo , 42 Ma , 2:3Mr , *Mg , 32 Mg ,32My ,3Ms , 2,21; , 2M, 


„When in Au Ver An the unaltered factors are replaced 
by the ideal factors of their symmetrical resp. alternating product, 
we obtain a mixed alternation resp. an alternated mixwing with the 
same permutation number, written: 


m p SS, a p 


A. U resp. U. 
22 
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m a 
From the operators A and M we can form in the same way &8 


m a 
above general mixed alternations A and general alternated mixings M. 
As to the order 1,...,%k, the independencey and the property of 
being ordered, the same laws hold for these operators as for 4 
A, M and M. 

When an A; and a M,; with conjugate permutation number do not 
annihilate each other, the unaltered factors of M,; are alternated by 
A; and those of A; are mixed by M,, so that: 


z m a m a 
4 M;=4M =4M; =A4M,;. ee 
and likewise: 
BUHN ur ar a m a 
A; M; = AU —) AM. = AM SS 


Expansion of the general alternations and mixings in classes. 
Theorem I. A general alternation resp. mixing of a non special 
afftnor can be written in one and only one way as the sum of mul- 
tiples of all classes with the same or a lower permutation number. 
For a mixing the coefhcients of all classes are positive, for an alter- 
nation those of the even classes positive, the other ones negalive. For 

the same permutation number their absolute values are equal: 

4: a d; Gj K; 
3 +1 for K,; even 


iR 4 ZEN er (8) 


M; = = Oi K; 
J 

The very simple proof of this theorem may be omitted. In order 

to determine the coefficients @;; we must investigate in how many 

ways it is possible to choose the Z permutation regions s, ,...,8 

of an A; or of a M; thus, that each of the 7 regions s,’,...,s, 

of a permutation of a delinite Ä, falls quite within one of those 
regions. When m; is this number, we have 


Mi; p! mij p! 


alas) (Bese)e Eier = = sı/.sılei 9) 
$, $ 


For p=6 is e.g. (see table following page) 
All A, all M and all Ä being linearly independent, we have 
inversely : . 
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Expansion of an affinor in alternations or mixings. xD: 
Thus we have especially for the sum ofall classes M, and for Ar: 


> 1:66 En 
M=— 2 midi 
(12) 
ee Isr.,k => 
Ar=— 2 yYM M; 
’ 


By the application of Mz to the upper equation we learn that 
Yır 1, so that when we consider M, and Ar resp. as 0-th general 
alternation, A, and as o-th general mixing M, we have, / being 
the identical operator, and because A, —=M, =1: 


PEN ae 5 0 er 
I= 232 wA= EZyaM.. - .... (13) 
ı % 
In the same way we can prove: 
0,2,...,k Mm ORR u 
le — 277 A;— P> TR 
t ı 


For a permutation number s we have in these expansions : 
Ya—Ya illegal) 32270 Ze 
and for a permutalion number «.2: 
22) 
2a a 
Sen wre BE 
Yr a (16) 
a 

Thus we have obtained the-theorem: 

Principal theorem A: Every non special affınor can be expanded in 
one and only one way into general alternations, into general mixed 
alternations, into general mixings and into general alternated mixings 
with the indices 0,2,3,...,R. 

So we deduce e.g. from table (10) for p=6: 


6 Im _ , er Er, er ei, h 
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(17) 


- # ® e Y > a 3 er 

u=('M ,—2'M,,—2"M,+3°M,— ""M,+6®"M,—4M, 4 »M, — 

= rue TER" 

—6°M, +5°M,+M,)u 

Decomposing the ordinary alternations and mixings into mixed 
resp. alternated ones we can calculate: 
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‘6 Mm m 
ER =— ' zu z _— en a \ 
u= (A, —2,4, 7.8 nA, 13 aD Fr 1: 4,,4,—4 Br 


I 


E. er A =2886 
+ 5 4,49 „4,42 AA, u 
: (18) 


6 BER 2 Fi ee en er Ber 
u—=('M, — 2'M,, + 6"M, + 3°M, —5"M, +4", —2M, + 
- a a 


a E 2. illle 
+5°°M,+9”®M,+5°M,+M Ju | 
All expansions remain valid for special affinors but they are then 
no longer the only possible ones. 


The numbersystem of the class operators. 

FroBEnius has shown, that the operators X are commutative both 
mutually and with every permutation P, and that they form a 
numbersystem with %& units, which does not contain any nilpotent 
numbers viz. numbers of which some power is equal to zero. As k 
independend units we may choose e.g. Ä, ,..., Kr or A, 64,0: 
M,,M,...., My, which are thus all commutative both mutually and 
with each operator ?, A or M. According to the theory of the higher 
complex number systems every system of this kind contains & 


independent numbers /;,?—=]1,...,X%, the idempotent principal units 
(Haupteinheiten) '), which satisfy the equations 
I; for i == 
IE I = f 19 
IT ho eii eo 


The sum of the operators /;,, which will be called elementary 
operators, is the identical operator /. When these units are expressed 
in the class operators K: 


Ik 
DEE RN EEE NDR 20) 
e) 
and when we write 
Ki K; =@ajl a. re In 2UR 
so we have 
lu. 
Uml — >> Umi Un; Kin» tere (22) 
1,) 


from which we see that the coefficients u correspond with the 
group characters x of the symmetrical group as defined by Frogkxivs?). 


1) See eg. the author's “Zur Klassifizierung der associativen Zahlensysteme” Math. 
Ann. 76 (14) 1—66. | 

%) Berl. Ber. (96) 985—1021, (98) 505—515, (99) 330—339, (00) 516—534 ; 
see also W. Burnsıne, Lond. M. S. Proc. 33 (01) 146 —162, 34 (02) 41—48, 
1 (03) 117—123), 
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The general formula for this correspondence is: 
Te a a a a, 
from which follows for Um: : 
m N 
From the tables given by Frosenxivs for the group characters we 
thus find directly the equations expressing the / in the K eg. 
for pp 6: 
N) KR; Ky KORK KU Rs Kg Ko Ku 


TS N geht 1 N N N 1 rs 
ae ae or 4 je Act 1 Ey 
Del Be I A TR ag ES ee A 
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Tl aan u ee Ber Baal a 
al: 25 UBS en a a 
La Ball u Re ei 
lag Bo Tel Ba ro se 
I ae m ee ee 
"a In100. 80 —20.° „20. 110.0 Au eo 

0° 2972 u 


E86 0.0 Da 0 


*) The indices on the left of the operators / will be explained furtheron. . 


Thus we have found an expansion that is singly determined for 
every affinor. In fact even for a special affinor no linear relation 
can exist between the operators / without each coefficient separately 
being equal to zero, as is seen immediately by application of one 
of the operators /. This expansion is called the expansion in 
elementary affinors. Using tables as (10) and (25) we might now 


m a 
express the / in A, M, A or M and obtain thus a singly determined 
expansion witlı respect to alternations or mixings. The following 
way however is more simple and more instructive. 


The elementary operators as the products of two general operators. 


When M,, a M x are.conjugate to A,, AN SE Aschen A, A 


are annihilated by M;,; therefore they cannot contain y, 21 ofthe 
prineipal units ]. In the same way A,,..., Ar are annihilated by 
M;, and M;,, so that they cannot eontain y,21 further prineipal 


(25) 


IE 
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units etc. We thus see, that A, contains only 83 y,yı21 
prineipal units, from which follows y, =, =...= rk = 1. Therefore 
the prineipal units may be arranged in such way 

ee *1, 
that 

Re j = 1 
en er Sl. 2 mer [26 
er = (26) 


The same reasoning holding for the M the principal units may 
be arranged in such a way 


that 
Mi DEI SE Er en 


The coeffieients of both expansions are equal, but for p>5 the 
operators / do not have both times the same order, e.g. forp = 6, 
using both indices: 


ir 10 9 17 8r 67 Ay dr 3 2 
iM a a ET DE 
Furtheron we shall no longer use for the / the indices on the 


right of p. 257. 
From (26), (27) and (7) we find the relation: 


Sa 0, AM. 0. 0.000 (28) 


As it is easily proved, that A; M, contains Ä, just once, the 
coeffiecients d?;; are identical with the coeffieient wiı in (20) and the 
d;; therefore equal to the group characters in the first row of 
Frogenius. We need only know therefore this first row. For the 


case that A;—,4A; we have 


ae ASTA: 29) 
2) 


ER a Ber. (30) 
ee 
For more general formulae the cited papers of Frosenıus and 
Burnsıps may be referred to. 


So we have obtained this theorem: 
Principal theorem B. Every afınor ofthe p" degree can be expanded 


and for A;—asdi: 
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in one and only one way in a series of k elementary affhnors. An 
elementary afınor with the lower index i and the upper jis a quantity 
that is annihilated by all alternations A’, 1 >i,1 > land by a all mixings 


M„h>j,h>1. Such a quantity is also Ra by = A, and M, Pr 
it can arise from the application of }1, Z,AM, and M, and it is 


invariant by application of ;I, 9;; A ‚6, M, and 9,; M. For a definite 
value of n (number of fundamental elements ©) all elementary afhnors, 
for which the permutation number ofthe A contains permutation regions 
>n, are zero. 

For p=6 e.g. the expansion is: 
6 Een en En a % EZ Ben, 
(A, ,+254,,,4814,10,4254,1,4+1004,1,+2564,M,+| a1) 
+254,M,+1004,M,+814,M,+254,,M,-+4,,M,) 


Expansion of an elementary afinor in ordered elementary afhnors 
of the first or of the second kind. 


Theorem II. Every simple alternation or mixing that is annihilated 
by all higher ones with the same number of permutation regions of 
more than one factor, can be written as the sum of multiples of 
ordered alternations or mixings with the same permutation number that 
contain in each of their regions only factors from the corresponding 
regions of the original alternation or mixing. 


Let us prove this first for an affinor: 
je P d 
m=,gÄAn=9jUov= (u... -U,)o (vn «Yg) 


P 
When the first factor of m is no u, we may apply a „+14, the 
permutation region of which contains this factor and ‚u. Then we 


P 
may write „Am as the sum of p-+1 terms, the first factor of 


P 
only one of which (namely of m itself) is a v. Therefore m may 
be written as a sum of terms the first factor of which is u. When 


P 
now in one of those terms m, the second factor v precedes the 
second factor u, then we may apply a p+14, the permutation Ba 


of which contains the two first v and the p—1lastu. Tben Sr 
may be written as a sum of p+1 terms in only one of which 


P 
(namely in m, itself) the second and third factors are v and which 
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have only factors of „u in the region p. Therefore ® may be written 
as a sum of terms which are all ordered with respect to the first 
and second factors. Proceeding in this way we obtain a sum of 
perfectly ordered terms. In each of these terms the region p contains 
only factors u and the other region only factors v. 


h P 
i ÜUnschälnd 
Now we consider the affınor m = ,uU0,V0,w°.... with Q alter- 
nating regions of p,q,r etc. factors, pZzqZr2..., which may be 


annihilated by every alternation with Q alternating regions higher 


pP 
than „,g,.A. When e.g. the first factor of m is w, then we apply 
& p+ı4, the permutation region of which contains w and „u. As 


2 P 

this pp annihilates m, m is a sum of terms all beginning with a 
u. Let now the second factor most to the left be e.g. a v, then we 
apply a „+ıÄ4, the permutation region of which contains the two 
first v and the p—1 last u. Proceeding in this way we obtain a 
sum of terms which are all ordered as to tbe position of the u 
with respect to the remaining factors. Now we continue with alter- 
nations „g+14, the region p of which always contains the u that are 
already ordered; thus we obtain ordering of the v etc. until perfect 
ordering is reached. At each passage and therefore also in the final 
result the factors u of all terms remain in the region p, the vin 
the region g etc. 

We shall apply the theorem just proved to the elementary affinor 


p 
3Iu and we shall prove that the result is singly determined and 


identical with 
BE 1... p 
‚Iu=( 2 854; My)w. SH, Hoya aata2) 


the summation being extended over all ordered alternations and 
mixings, the number of which is just dj;. For this purpose we use 
the wellknown property that the numbersystem of the permutations 
P is an associative system, which may be resolved into k “original” 
systems with di units. The units of such an original system may 


be chosen in such a way that 
Jos for ı—r 
Da Busen, 


Such a system contains at the most dj idempotent prineipal units, 
the sum of which is the modulus of the system 3/. Let now for a 


Jpg Js = (33) 


p p 
definite value of A for any affinor v be Am MM v #0 where‘ 4," 
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p 
and M@ are conjugate, then A Me v is an elementary affinor and 
J ı 


therefore according to theorem II we have: 


p a p 
AR WA ee (34) 
where the w; are elementary affinors, while the summation has to 
be extended over all ordered alternations A. As Mo AA 0 for 


@>£ß we bave: 
AA 2. 


Repeated application teaches thus that the operator A’ M» never 
can be nilpotent. According to a wellknown axiom from the theory 
of the higher complex numbersystems we conclude from this, that 
there exists an idempotent number of the form | 


a, (AI MIN) +... + au, (AN Much? 2 5 10 Na 


For every ordered alternation there thus exists such an idem- 
potent number and the products of these numbers being zero, they 
form a series of idempotent prineipal units. The number of ordered 
operators A; and M is therefore d;; or less. It cannot be less, however, 
as a repeated application of tleorem Il teaches that every elementary 

TR 
affınor may be written in the form > An M9 m. If u were # 1, then 
j 
the powers of 49 M® would belong to the first class of Prirce 
with respect to one of the iddempotent principal units and to the fourth 
class with respect to the other ones. As in an original number- 
system such numbers (nilpotent by-units (Nebeneinheiten)) cannot 
occur, u—=1 and the operators 


=; A) mW er 
are therefore idempotent prineipal units. In the same way 
re ua A a 


form a similar system. These operators are called ordered elementary 
operators of the first resp. second kind and the affinors which may 
be derived from them, ordered elementary affinors of the first resp. 
second kind. 

When y: is the number of permutations in A; or M; (hence for the 
permutation number s,,...,s: equal to s,/...s,/) and when ß; isthe 
number of operators A; or M; that do not annihilate a definite 


De 
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p! EN 0 
Nr AB = Bj 
is the coefficient of X, in 2a un and 1» A. The eoefficient of 


K,in A; M; being one, this Kraaei that 


d; = di; B di; B; j 
ei = — 2 & I — — Bi ie 0139) 
j yoR a; a 
Thus the expansion with regard to elementary affinors of the first 
kind is e.g. for p=6: 


operator M;, vesp. A; we may easily caleulate that 


yerey 


H SIE er 1,5 
#224 M +22 R mM +2 AM +). 
A A 
1.10 a) 5 gW 0) l,...,9 Bl 7) 
u M, Ber Sa 4A,M, +% 8 A,M, +4A,M,) u 


When an expansion of an affinor u is given with regard to ordered 
alternations or mixings, each of which is alternated by every higher 
alternation resp. mixing, then this expansion is identical with the 
indicated one. For on application the operator &; ARM» resp. 
&;M@A all terms are annihilated except those wbich are 
derived from 4% resp. M,;@. This one term only remains unaltered 


and is therefore equal to &; A!” Mau resp. :,;M@ AB. The indi- 
cated expansion is therefore singly determined. 

So we have obtained the following prineipal theorem. 

Principal theorem C. Every afhınor can be written in one and only 
one way as a sum of ordered alternations or mixings that are annihilated 
by every alternation resp. mixing with a higher permutation number. 


Expansion of an afhnor with regard to reduceable covariants of 
different degree. 


When A; and M,; are conjugate, then for n>5 it may be very 
well possible, that a general mixing lower than M, corresponds to a 
general alternation lower than A;. When however A;—., Ai, then 
every general alternation lower than A: is of the form @ Mn... Ar 
The permutation number (@ + p —an), (n—1).« is conjugate to «.n 


and the number (« —ß +t+ p—(a— P)n—s,—. ..—sı), (St—1), 
(et), .. .„‚(n—s,)(e—B) to (PINS. 81 The second number 
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is doubtlessiy higher than the first, all 9, le ‚$„ being <n. 
Therefore all general alternations lower than BRVE are annihilated 
by all mixings with a permutation number higher than M,;. When 
thus the whole number of times that p contains nisr, the operators 
il can be arranged in r+ 1 sets. When the sum of operators 


pP ” ” 
in the («+ 1)-th group is „/’, then „/’u is a sum of quantities that 
may arise from the application ofalternations„„A and thatare annihilated 


p 
by every («+1.nÄA and by all higher alternations. Each term of »l’ama 
a penetrating general product of @ factors E, E= e, en, and a not-ideal 


affinor of degree p—en, which.is a covariant of u and is evidently 
annihilated by each operator „A. Such an affinor will de called non 
reduceable under the linear homogeneous group and the indicated 
expansion the expansion with regard to linear homogeneous non 
reduceable covariants. 

Now we shall prove that there exists only one expansion 
in. non reduceable covariants. For this purpose it suffices 


„5 « 
to prove, that a penetrating general product r of E and a non 


q 
reduceable affinor vv g=p—-an, is annihilated by all operators 


Le ,0xcepl, Dyzanlı: As 2 can arise from the application of a „„nÄ 
and is therefore annihilated by every mixing with a permu- 
tation number higher than the one conjugate to «.n, this is evident 
for all al’ for which <a. When ß>a we may remark that 
»I’ is a sum of multiples of operators M, A;, in which the alter- 
nations always have more than « permutation regions with n factors. 
The desired proof will tbus be given, when we have slıown that 


p 
r is annihilated by every operator znA4, B>e. 

Thereto we make use of the theorem that a non reduceable 
quantity possesses no linear covariants of a lower degree !). By 


s p 
means of an operator „A we may derive from r a penetrating 
r 
general product of E? and an affınor w, r—=p— $n. However, 
Le 
. * 9 
w would then be a linear covariant of v of degree r<g. This is 


n 
impossible, so that w is zero. 


Di h . 5 3 
Every term of „/’u is alternating in «a different regions of n 
factors and is annihilated by every alternation with an alternation 


') The proof of this theorem will be given separately in another paper. 


265 


region of more than « factors. From theorem II we conelude there- 


fore that „7’ A can be reduced to a sum of ordered alternations 
with the permutation number «a.n. This decomposition is singly 
determined, each of these alternations being a sum of the ordered 
alternations from the expansion according to C with permutation 
numbers from «.n up to the highest number below (a +1).n that 
have the same « -alternation regions of n factors. 

Thus we have obtained the theorem. 

Principal theorem D. Every affinor can be written in one and 
only one way as a sum of terms each consisting of penetrating 
general products of a number «a, characteristic for this term, of 
factors E, with a linear homogeneous non reduceable affinor of 
degree p— en and forming am ordered alternation wilh the per- 
mutation number a.n. This excpansion may be obtained by arranging 
in groups the terms of the expansion with regard to elementary 
affinors. 


p 
u may therefore be written 
p BE Breite N 
eg SS a ee a 9 
z 


where an) is the sum of the ordered elementary operators of the 
first kind which have the same alternation regions with n factors. 

For. n=2 the expansion in mixed alternations according to 
the prineipal theorem A is at the same time an expansion in 
non reduceable covariants. It is therefore singly determined for 
every affinor and containing % terms it is also identical with the 
expansion with regard to eleınentary affinors. From (16) we find 
therefore for this case 


2) 
N 


a1. /p—a+IN\ «.2 
[64 


From the deduced expansions in series we may derivein a simple 
way very general expansions in series for algebraic forms in m 
rows of n variables as will be shown in the next paper. At the 
same time we will mention how the above is connected with known 


expansions in series of algebraic forms. 


Expansion of the affinor of RıBMANnN-ÜHRISTOFFEL with regard to 
ordered elementary affinors. 


266 


When the derived expansion in series of elementary affinors of 
the first kind is applied to the affinor of RırMANN-CHRISTOFFEL 
4 
K=k,k,k,k, for which is known that 

kKkkk=—kkkkk=—kkkk,—=k,k, k,k, 

| KukkAkkkktkkkk—=0, . . . (48) 
we see that from all nine ordered elementary operators of the first 
kind &33 AU MW) is the only one that does not give zero. Therefore 


4 
K itself is an example of an ordered elementary affinor. 


